arXiv:1502.04939v2 [math.SG] 13 May 2015 


AUGMENTATIONS ARE SHEAVES 


LENHARD NG, DAN RUTHERFORD, VIVEK SHENDE, STEVEN SIVEK, AND ERIC ZASLOW 

Abstract. We show that the set of augmentations of the Chekanov-Eliashberg algebra of a Leg- 
endrian link underlies the structure of a unital A-infinity category. This differs from the non-unital 
category constructed in [BC14], but is related to it in the same way that cohomology is related to 
compactly supported cohomology. The existence of such a category was predicted by [STZ14], who 
moreover conjectured its equivalence to a category of sheaves on the front plane with singular support 
meeting infinity in the knot. After showing that the augmentation category forms a sheaf over the 
X-line, we are able to prove this conjecture by calculating both categories on thin slices of the front 
plane. In particular, we conclude that every augmentation comes from geometry. 
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1. Introduction 

A powerful modem approach to studying a Legendrian submanifold A in a contact manifold V is 
to encode Floer-theoretic data into a differential graded algebra A{V^K), the Chekanov-Eliashberg 
DGA. The generators of this algebra are indexed by Reeb chords; its differential counts holomorphic 
disks in the symplectization M x 1/ with boundary lying along the Lagrangian M x A and meeting the 
Reeb chords at infinity [Eli98, EGHOO]. Isotopies of Eegendrians induce homotopy equivalences of 
algebras, and the homology of this algebra is called Eegendrian contact homology. 

A fundamental insight of Chekanov [Che02] is that, in practice, these homotopy equivalence 
classes of infinite dimensional algebras can often be distinguished by the techniques of algebraic 
geometry. Eor instance, the functor of points 

commutative rings —)■ sets 

r HA {DGA morphisms Aiy, A) —)■ r}/DGA homotopy 

is preserved by homotopy equivalences of algebras A{V^ A) [EHTOl, Eem. 26.3], and thus furnishes 
an invariant. Collecting together the linearizations (“cotangent spaces”) kere/(kere)^ of the aug¬ 
mentations (“points”) e : A{V^ A) —r gives a stronger invariant: comparison of these linearizations 
as differential graded vector spaces is one way that Eegendrian knots have been distinguished in 
practice since the work of Chekanov. 

As the stmcture coefficients of the DGA A{V^ A) come from the contact geometry of (V, A), it 
is natural to ask for direct contact-geometric interpretations of the algebro-geometric constructions 
above, and in particular to seek the contact-geometric meaning of the - a priori, purely algebraic 
- augmentations. In some cases, this meaning is known. As in topological field theory, exact 
Eagrangian cobordisms between Eegendrians give rise (contravariantly) to morphisms of the cor¬ 
responding DGAs [EGHOO, Ekhl2, EHK]. In particular, exact Eagrangian fillings are cobordisms 
from the empty set, and so give augmentations. 

However, not all augmentations arise in this manner. Indeed, consider pushing an exact filling 
surface L of a Eegendrian knot A in the Reeb direction: on the one hand, this is a deformation of 
L inside T*L, and so intersects L - an exact Eagrangian - in a number of points which, counted 
with signs, is —x(A). On the other hand, this intersection can be computed as the linking number at 
infinity, or in other words, the Thurston-Bennequin number of A: th{K) = —x(A). Now there is a 
Eegendrian figure eight knot with tb = —3 (see e.g. [CN13] for this and other examples); its DGA 
has augmentations, and yet any filling surface would necessarily have genus —2. 

This obstruction has a categorification, originally due to Seidel and made precise in this context 
by Ekholm [Ekhl2]. Given an exact filling {W,L) of (V,A) (where we will primarily focus on 
the case E = and W = M^), consider the Eloer homology HFt{L, L), where the differential 
accounts only for disks bounded by L and a controlled Hamiltonian perturbation of L for time < t, 
i.e. loosely those disks with action bounded by t. There is an inclusion L) —)■ HFoc{L, L). 

The former has generators given by self-intersections of L with a small perturbation of itself, and 
the latter has generators given by these together with Reeb chords of A. The quotient of these chain 
complexes leads to what is called “linearized contact cohomology” in the literature; for reasons to 
be made clear shortly, we write it as Hom_ (e, e) [1]. That is, we have: 


(1.1) 


HF_,{L,L) HF^{L,L) Hom_(e,e)[l] 4 . 
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Finally, since the wrapped Fukaya category of is trivial, we get an isomorphism Hom_(e, e) = 
L). On the other hand, L) = In partieular, taking Euler eharacteristics 

recovers: 

-tb{A) = x(Hom_(e,e)) = = x{L). 

One eould try to eonstruet the missing augmentations from more general objeets in the derived 
Fukaya eategory. To the extent that this is possible, the above sequenee implies that the categor¬ 
ical struetures present in the sympleetie setting should be visible on the spaee of augmentations. 
An important step in this direetion was taken by Bourgeois and Chantraine [BC14], who define a 
non-unital A^o category whieh we denote Aug-. Its objeets are augmentations of the Chekanov- 
Eliashberg DGA, and its horn spaees Hom_(e, e') have the property that the self Homs are the 
linearized contact cohomologies. The existence of this category was strong evidence that augmen¬ 
tations eould indeed be built from geometry. 

On the other hand, when V = T°^M is the eosphere bundle over a manifold, A C is a Legen- 
drian, and r is a commutative ring, a new source of Legendrian invariants is provided by the eategory 
Sh{M, A; r) of eonstruetible sheaves of r-modules on M whose singular support meets T°°M in 
A [STZ14]. The introduction of this category is motivated by the microlocalization equivalence 
of the eategory of sheaves on a manifold with the infinitesimally wrapped Fukaya eategory of the 
eotangent bundle [NZ09, Nad09]: 

/i : S'/i(M;r) Fuk^{T*M]!:). 

In particular, to a Lagrangian brane L C T*M ending on A, there eorresponds a sheaf with 

the property that 

EomshiM){A~\L),fi~^{L)) = }lomFukXT-M){L,L) = HF+^{L,L) = 
and we write Sh{M, A-,t) := /r“^(L). 

Like ordinary eohomology, the eategory ^^(M, A;r) is unital; like eompaetly supported eoho- 
mology, the Bourgeois-Chantraine augmentation eategory Aug-{A;T) is not. In an augmentation 
eategory matehing the sheaf eategory, the Horn spaees would fit naturally into an exaet sequenee 

(1.2) HF+,{L,L) HF{L,L) Hom+(e,e)[l] ^ . 

Together these observations suggest the following modifieation to the Bourgeois-Chantraine eon- 
struetion. As noted in [BC14], Aug- can be defined from the n-eopy of the Legendrian, ordered 
with respeet to the displaeement in the Reeb direetion. To ehange the sign of the perturbations, in 
the front diagram of the Legendrian we re-order the n-eopy from top to bottom, instead of from 
bottom to top. The first main result of this artiele, established in Seetions 3 and 4, is that doing so 
yields a unital A^o category. 

Theorem 1.1 (see Definition 4.3 and Theorem 4.20). Let A be a Legendrian knot or link in 
We define a unital A^o category Aug^i^A] r) whose objects are DGA maps e : Al(M^, A) —)■ r, i.e., 
augmentations. This category is invariant up to A^o equivalence under Legendrian isotopies of A. 

It turns out that the cohomology Lr*Hom+(e, e) of the self-hom spaees in Aug+{A] r) is exaetly 
(up to a grading shift) what is ealled linearized Legendrian contact homology in the literature; see 
Corollary 5.6. Moreover, if A is a knot with a single base point, then two objeets of AIm 5 '+(A; r) are 
isomorphic in the eohomology category H*AugF if and only if they are homotopie as DCA maps 
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A) —>■ r; see Proposition 5.17. In partieular, it follows from work of Ekholm, Honda, and 
Kalman [EHK] that augmentations eorresponding to isotopie exaet fillings of A are isomorphie. 

There is a elose relation between Aug-{k) and Aug+{k). Indeed, our eonstruetion gives both, 
and a morphism from one to the other. We investigate these in Seetion 5, and find: 

Theorem 1.2 (see Propositions 5.1, 5.2, and 5.4). There is an A^o functor Aug_ —)■ Aug+ carrying 
every augmentation to itself. On morphisms, this functor extends to an exact triangle 

Hom_(e, e') —)■ Hom+(e,e') —)■ 77* (A; r) . 

Moreover, there is a duality 

Hom+(e, e') = Hom_(e', e)'*'[—2]. 

Here, the ^ denotes the cochain complex dual of a cochain complex, i.e., the underlying vector space 
is dualized, the differential is transposed, and the degrees are negated. 

When e = e', Sabloff [Sab06] first eonstrueted this duality, and the exaet sequenee in this ease is 
given in [EES09]. When the augmentation eomes from a filling L, the duality is Poineare duality, 
and the triangle is identified with the long exaet sequenee in eohomology 

77*(L;r) ^ 77*(L;r) ^ 77* (A; r) . 

That is, there is a map of triangles (1.1) —)■ (1.2), so that the eonneeting homomorphism identifies 
the inelusion Hom_(e, e) —)■ Hom+(e, e) with the inelusion L) —)■ HF+^{L, L). 

The eategory Augj^ in hand, we provide the hitherto elusive eonneetion between augmentations 
and the Eukaya eategory. We write Ci(A; r) C ShiMf, A; r) for the sheaves with “mieroloeal rank 
one” along A, and with aeyelie stalk when z <C 0. 

Theorem 1.3 (see Theorem 7.1). Let K (ZMf be a Legendrian knot, and let Ik be afield. Then there 
is an Aoo equivalence of categories 

Aug k) ^ Cl (A; k). 

Via the equivalenee between eonstruetible sheaves and the Eukaya eategory, we view this theorem 
as asserting that all augmentations eome from geometry. In total, we have a host of relations among 
eategories of sheaves, Eagrangians and augmentations. These are summarized in Seetion 8. We 
remark that this theorem has already been applied by the third author [Shel5] to prove a eonjeeture 
of Euehs and the seeond author [ERll], whieh asserts that the generating family homologies of a 
Eegendrian knot [TraOl, ERll] eoineide with its linearized eontaet homologies. 

The Bourgeois-Chantraine eategory Aug_ (A; k) ean also be identified with a eategory of sheaves. 
If we define Hom 5 /i_ {F, Q) '■= Hom5/i(7^, r*_^Q) where is the front projeetion of Reeb flow, then 
there is a non-unital dg eategory S'h_(]R^, A; k) whose morphism spaees are Hom 5 /i_. We write 
C|~^ for the sheaves with “mieroloeal rank one” along A and with aeyelie stalk when z 0. Similar 
arguments (whieh we do not give explieitly in this paper) yield an equivalenee Aug_{A;'k) ^ 
C|~^(A; k). Eurther properties and relations to existing eonstruetions are diseussed in Seetion 5. 

Summary of the Paper 

The preeeding gives an aeeount of the main results of this paper and their relevanee to the study of 
Eegendrian knots. Sinee mueh of the remainder of the paper is teehnieal, a straightforward summary 
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in plain English may be helpful for the casual reader, or as a reference for for those who get lost in 
the weeds. We address only topics not already discussed above. 

To create a category whose objects are augmentations, we must dehne the morphisms and com¬ 
positions. At hrst glance, there seems to be little to do beyond adapting the dehnitions that already 
appear in the work of Bourgeois and Chantraine [BC14] to account for the reversal in ordering link 
components. Yet there is an important distinction. In ordering the perturbations as we do, we are 
forced to consider the presence of “short” Reeb chords, traveling from the original Legendrian to 
its perturbation. These short chords were also considered in [BC14] and indeed have appeared in a 
number of papers in contact topology; however. Bourgeois and Chantraine ultimately do not need 
them to formulate their augmentation category, whereas they are crucial to our formulation. 

The higher products in the augmentation category involve multiple perturbations and counts of 
disks bounding chords - including short chords - traveling between the different perturbed copies. 
The way to treat this scenario is to consider the Legendrian and its perturbed copies as a single 
link, then to encode the data of which copies the chords connect with the notion of a “link grading” 
[Mis03]. So we must consider the DGA of a link constructed from a number of copies of an original 
Legendrian, each with different perturbations — and we must repeat this construction for each nat¬ 
ural number to define all the different higher products in the Ago category. As the different products 
must interact with one another according to the A^o relations, we must organize all these copies and 
perturbations and DGAs coherently, leading to the notion of a consistent sequence of DGAs. We 
provide this definition and show that a consistent sequence of DGAs with a link grading produces 
an Aoo category, which in the case described above will be the augmentation category Aug+{A). To 
keep these general algebraic aspects distinct from the specific application, we have collected them 
all in Section 3. 

In Section 4, we construct consistent sequences of DGAs for Legendrian knots A in resulting 
in the category Aug+ (A). It is important to note that the consistent sequence of DGAs that we 
construct for a Legendrian knot, albeit systematically constructed, is not canonical in that it does 
not apply to Legendrians in higher than one dimension. Accordingly, as distinct from the category 
of Bourgeois and Chantraine, a general version of our category in higher dimensions would not 
be algebraically determined by the DGA of the Legendrian in general, although we show that it 
is for one-dimensional knots (see Proposition 4.26). Another complication in the definition of the 
category is that it includes “base points,” additional generators of the DGA which are needed both for 
the comparison to sheaves, i.e. to reduce DGA computations to purely local considerations, and in 
order to prove independence of perturbation. We have so far been vague about what “perturbation” 
means. We can perturb a Legendrian in a 1-jet bundle with a Morse function, and we do this, but 
we might also take a copy of the front projection translated in the Reeb direction, and then use 
the resolution procedure [Ng03]. (If one simply translates a Lagrangian projection in the Reeb 
direction, every point in the projection would correspond to a chord!) Of course, one wants to show 
independence of choices as well as invariance of the category under Legendrian isotopy, all up to 
Aoo equivalence. This is done in Theorem 4.20. The reader who wants to see how the definition 
plays out in explicit examples is referred to Section 4.4. We then establish a number of properties of 
Aug+ in Section 5, including the exact triangle and duality stated in Theorem 1.2. 

With the category in hand, we are in a position to compare with sheaves. Of course, Lukaya-Lloer 
type categories are non-local, depending as they do on holomorphic disks which may traverse large 
distances. Sheaves, on the other hand, are local. Comparison is made possible by the bordered 
construction of the DGA [Sivll], where locality is proven: the DGA of the union of two sets is 
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determined by the two pieees and their overlap. These results are reviewed and extended for the 
present application in Section 6. The idea of the bordered construction is simple: holomorphic disks 
exiting a vertical strip would do so along a chord connecting two strands. By including such chords 
in the definition of the bordered algebra one shows that the DGA of a diagram glued from a left half 
and a right half is the pushout of the DGA of the two halves over the algebra of purely horizontal 
strands. 

Now once we put the front diagram in plat position and slice it into horizontal strips, we can apply 
the bordered construction and achieve locality as discussed above. Since sheaves are by definition 
local — this is the sheaf axiom — we are in a position to compare the two categories, and can do so 
strip by strip. We can further prepare the strips so that each is one of the following four possibilities: 
no crossings or cusps, one crossing, all the left cusps, all the right cusps. Note that to ensure that the 
gluings are themselves compatible, we also must compare the restriction functors from these cases 
to the left and right horizontal strip categories. Interestingly, while all these cases are dg categories, 
the restriction functors are only equivalent as Ago functors, and this accounts for the difference in 
the glued-together categories at the end: the augmentation category is A^c and the sheaf category 
is dg. All these equivalences and compatibilities are shown in Section 7. The case-by-case nature 
means the proof is somewhat lengthy, but it is straightforward. And that’s it. 
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2. Background 


2.1. Contact geometry. 

To denote a ehoiee of eoordinates, we write to mean the spaee M eoordinatized by x, and 
similarly for ete. We eonsider Legendrian knots and links A in = T*'Kx x '^z — 

and their front projeetions <f)A = where t^xz '■ ^lyz We take the eontaet form for 

the standard eontaet strueture on J^(M) to be a = dz — ydx with Reeb veetor field Ra = d^. In 
higher dimensions one eould take A C = T*M” x in whieh ease a = dz — Uidx^ 

and Ra = dz, but we focus on 1-dimensional knots and links in this paper. 

Consider with coordinates (x, z,px,Pz) and exact symplectic structure u = dO defined by 

the primitive 9 = —pxdx — pzdz. For any p > 0 the cosphere bundle := [p^. + pi = p^} C 

with induced contact form a = —pxdx — Pzdz defined by restricting 6 is contactomorphic 
to the unit cosphere bundle via dilation by 1/p in the fibers. We define := 

thinking of p large describing the “cosphere at infinity.” There is a contact embedding of 
as a hypersurface of by the map {x, y,z) ^ {x = x,z = z,px = y,Pz = —1). By scaling 

{x,z,px,Pz) {x,z, ) this hypersurface is itself contactomorphic to an open subset 

ypl+vl yvi+vi 

of which we call or just the minus sign indicating the downward direction 

of the conormal vectors. In this way, we equate, sometimes without further mention, the standard 
contact three-space with the open subset of the cosphere bundle of the plane. Our knots 

and links live in this open set. 

Given a front diagram we sometimes use planar isotopies and Reidemeister II moves to put 
the diagram in “preferred plat” position: with crossings at different values of x, all left cusps hor¬ 
izontal and at the same value of x, and likewise for right cusps. The maximal smoothly immersed 
submanifolds of <I>a are called strands, maximal embedded submanifolds are called arcs, and max¬ 
imal connected components of the complement of <I)a are called regions. A Maslov potential p is a 
map from the set of strands to Z/2/c such that at a cusp, the upper strand has value one greater than 
the lower strand. Here k is any integer dividing the gcd of the rotation numbers of the components 
of A. 


2.2. The LCH differential graded algebra. 

In this subsection, we review the Legendrian contact homology DGA for Legendrian knots and 
links in For a more detailed introduction we refer the reader, for example, to [Che02, Ng03, 
ENS02]. Here, we discuss a version of the DGA that allows for an arbitrary number of base points 
to appear, as in [NR13], and our sign convention follows [EN] (which essentially agrees with the 
one used in [ENS02]). 


2.2.1. The DGA. 

Let A be a Legendrian knot or link in the contact manifold = J^(M) = The DGA 

of A is most naturally defined via the Lagrangian projection (also called the Tp-projection) of A, 
which is the image of A via the projection Hxy : J^(M) —>■ The image 'XxyidS.) C M.xy is a union 
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of immersed eurves. After possibly modifying A by a small Legendrian isotopy, we may assume 
that 'Kxy\K is one-to-one exeept for some finite number of transverse double points whieh we denote 
{oi,..., ttr}. We note that the { 0 *} are in bijeetion with Reeb chords of A, whieh are trajeetories of 
the Reeb veetor field Ra = dz that begin and end on A. 

To assoeiate a DGA to A, we fix a Maslov potential /r for the front projeetion taking 

values in Z/2r where r is the ged of the rotation numbers of the eomponents of A. In addition, 
we ehoose suffieiently many base points * 1 ,...,*^ ^ A so that every eomponent of A \ {*j} is 
eontraetible, i.e., at least one on eaeh eomponent of the link. 

The Chekanov-Eliashberg DGA (C-E DGA), also ealled the Legendrian contact homology DGA, 
is denoted simply {A, d), although we may write ^(A, * 1 ,..., *m) when the ehoiee of base points 
needs to be emphasized. The underlying graded algebra. A, is the non-eommutative unital (asso- 
eiative) algebra generated over Z by the symbols ai,..., a^, fi, ..., tju, subjeet only to the 
relations tit~^ = = 1. (In partieular, ti does not eommute with for j ^ i or with any of the 

®fc') 

A Z/2r-valued grading is given by assigning degrees to generators and requiring that for homo¬ 
geneous elements x and y, x ■ y is also homogeneous with \x ■ y\ = |a;|-|-|r/|. To this end, we 
set \ti\ = = 0. A Reeb ehord ai has its endpoints on distinet strands of the front projeetion, 

TTxziL), and moreover the tangent lines to TTxzi-^) at the endpoints of a* are parallel. Therefore, near 
the upper (resp. lower) endpoint of a*, the front projeetion is a graph 2; = fu{x) (resp. 2: = fi{x)) 
where the funetions /„ and fi satisfy 

ifu - fiYixiai)) = 0 , 


and the eritieal point at x{ai) is a nondegenerate loeal maximum or minimum (by the assumption 
that tti is a transverse double point of 7rxy{A)). The degree of a* is 

I .1 - t f A -e / if /« - /z has a loeal maximum at x{ai), 

\^i\ LAi) dAi) jp ^ loeal minimum at x{ai). 


where /i(a“) and /i(a-) denote the value of the Maslov potential at the upper and lower endpoint of 
Oj. (For this index formula in a more general setting, see [EES05, Eemma 3.4].) 


Remark 2.1. Note that adding an overall eonstant to y does not ehange the grading of A. In 
partieular, when A is eonneeted, |a| is independent of the Maslov potential and is the Conley- 
Zehnder index assoeiated to the Reeb ehord a. This ean be eomputed from the rotation number in 
of the projeetion to the a;r/-plane of a path along A joining the endpoints of a; see [Che02]. 

The differential d : A ^ A eounts holomorphie disks in the sympleetization M x (M) with 
boundary on the Eagrangian eylinder M x A, with one boundary puneture limiting to a Reeb ehord of 
A at -fcx) and some nonnegative number of boundary punetures limiting to Reeb ehords at — cx). For 
Eegendrians in J^(M), we have the following equivalent (see [ENS02]) eombinatorial deseription. 

At eaeh erossing Oj of ^^.^^(A), we assign Reeb signs to the four quadrants at the erossing aeeording 
to the eondition that the two quadrants that appear eountereloekwise (resp. eloekwise) to the over¬ 
strand have positive (resp. negative) Reeb sign. In addition, to define {A, d) with Z eoeffieients, we 
have to make a ehoiee of orientation signs as follows: At eaeh erossing, a*, sueh that |aj| is even, we 
assign negative orientation signs to the two quadrants that lie on a ehosen side of the understrand at 
Uj. All other quadrants have positive orientation signs. See Figure 2.1. 
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Figure 2.1. Left: the Reeb signs of the quadrants of a crossing of Right: 

he two possible choices of orientation signs at a crossing Oj with |aj| even. The 
shaded quadrants have negative orientation signs while the unshaded quadrants have 
positive orientation signs. At a crossing of odd degree, all quadrants have positive 
orientation signs. 

For I > 0, let Df = \ {p, qi,... ,qi} denote a disk with / + 1 boundary punctures labeled 

p, gi,..., qi in counterclockwise order. Given generators a, 6i,..., 6; G A, we define A(a; bi,... ,bi) 
to be the space of smooth, orientation-preserving immersions u : {Df, dDf) —)■ {M.ly, ir^yiA)) up to 
reparametrization, such that 

• u extends continuously to and 

• u{p) = a and u{qi) = bi for each I < i < I, and the image of a neighborhood of p (resp. qi) 
under m is a single quadrant at a (resp. bi) with positive (resp. negative) Reeb sign. 

We refer to the u{p) and u{qi) as the corners of this disk. Traveling counterclockwise around u{dDi) 
from a, we encounter a sequence Si,..., (m > 0 of corners and base points, and we define a 
monomial 

w{u) = 5 ■ w{si)w{s2) . . . tc(Sm), 

where w{si) is defined by: 

• If Si is a corner bj, then w{si) = bj. 

• If Si is a base point *j, then w{si) equals tj or depending on whether the boundary 
orientation of u{dDf) agrees or disagrees with the orientation of A near *j. 

• The coefficient 5 = ±1 is the product of orientation signs assigned to the quadrants that are 
occupied by u near the corners at a, bi,... ,bi. 

We then define the differential of a Reeb chord generator a by 

da = w{u) 

ueA{a;bi,...,bi) 

where we sum over all tuples {bi,... ,bi), including possibly the empty tuple. Finally, we let dU = 
dt~^ = 0 and extend d over the whole DGA by the Leibniz rule d{xy) = {dx)y + (—l)l'^la;(c)p). 

Remark 2.2. An equivalent definition with more of the flavor of Floer homology can be made by 
taking A(a; bi,... ,bi) to consist of holomorphic disks in Mx (M), modulo conformal reparametriza¬ 
tion and vertical translation. If this approach is taken, then the location of the boundary punctures 
p,qi,... ,qi needs to be allowed to vary along dD'^ in a manner that preserves their cyclic ordering. 
See [ENS02]. 

Theorem 2.3 ([Che02, ENS02]). For any Legendrian A C J^(]R) with base points *i,..., *m, the 
dijferential d : Al(A, *i,..., *m) —^ x4(A, *i,..., *m) is well-defined, has degree —1, and satisfies 
d^ = 0. 



10 


LENHARD NG, DAN RUTHERFORD, VIVEK SHENDE, STEVEN SIVEK, AND ERIC ZASLOW 


An algebraic stabilization of a DGA {A, d) is a DGA {S{A), d') obtained as follows: The algebra 
S'(^) is obtained from A by adding two new generators x and y with |x| = | 2 /| + 1 (without additional 
relations), and the differential & satisfies d'x = y, d'y = 0, and c)'|^ = d. 

Theorem 2.4. Let Ai, A 2 C J^(M) be Legendrian links with base points chosen so that each com¬ 
ponent o/Ai and A 2 contains exactly one base point. T/'Ai and A 2 are Legendrian isotopic, then for 
any choice of Maslov potential on Ai, there is a corresponding Maslov potential on A 2 such that the 
Legendrian contact homology DGAs (Ali, di) and (AI 2 , 02 ) are stable tame isomorphic. 

The meaning of the final statement is that after stabilizing both the DGAs (.Ai, Oi) and {A 2 , df) 
some possibly different number of times they become isomorphic. Moreover, the DGA isomorphism 
may be assumed to be tame, which means that the underlying algebra map is a composition of certain 
elementary isomorphisms with have a particular simple form on the generators. (We will not need 
to use the tame condition in this article.) 

Allowing more than one base point on some components of A provides essentially no new infor¬ 
mation, yet is convenient in certain situations. The precise relationship between DGAs arising from 
the same link equipped with different numbers of base points is given in Theorems 2.21 and 2.22 of 
[NR13]. See also the proof of Proposition 4.22 of this article where relevant details are discussed. 


2.2.2. The resolution construction. 

Often, a Legendrian link A C (M) is most conveniently presented via its front projection. For 
computing Legendrian contact homology, we can obtain the Lagrangian projection of a link A' that 
is Legendrian isotopic to A by resolving crossings so that the strand with lesser slope in the front 
projection becomes the overstrand, smoothing cusps, and adding a right-handed half twist before 
each right cusp; the half twists result in a crossing of degree 1 appearing before each right cusp. See 
Figure 4.1 below for an example. We say that A' is obtained from A by the resolution construction. 
(See [Ng03] for more details.) 

Thus, by applying the resolution procedure to a Legendrian A with a given front diagram and 
Maslov potential p, we obtain a DGA {A, d) (for A') with Reeb chord generators in bijection with 
the crossings and right cusps of The grading of a crossing of 'Kxzi^) is the difference in 

Maslov potential between the overstrand and understrand of the crossing (more precisely, overstrand 
minus understrand), and the grading of all right cusps is 1. Moreover, supposing that A is in preferred 
plat position, the disks involved in computing d have almost the same appearance on ^^.^(A) as they 
do on the Lagrangian projection of A'. The exception here is that when computing the differential of 
a right cusp c, we count disks that have their initial comer at the cusp itself, and there is an “invisible 
disk” whose boundary appears in the Lagrangian projection as the loop to the right of the crossing 
before c that was added as part of the resolution construction. Invisible disks contribute to dc a term 
that is either 1 or the product of corresponding to base points located on the loop at the right 
cusp. 


2.2.3. The link grading. 

Assume now that A is a Legendrian link with 


A = Ai U ■ ■ ■ U A^, 
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where eaeh Aj is either a eonneeted eomponent or a union of eonneeted eomponents. In this setting, 
there is an additional strueture on the DGA Al(A), the “link grading” of Mishaehev [Mis03]. 

Definition 2.5. Write for the eolleetion of Reeb ehords of A that end on Aj and begin on Kj, so 
that IZ = The Reeb ehords in TZ'^^ are ealled pure chords if i = j and mixed chords if 

In addition, write T** for the eolleetion of generators tj, eorresponding to base points belong¬ 
ing to Aj, and set = 0 for i 7 ^ j. Finally, put 5*-^ = TZ^^ U T*A 

For 1 < ^, j < m, we say that a word ■ ■ ■ ae^ formed from generators in 5 = is com- 
posable from i to j if there is some sequenee of indiees zq, • • • Afc with io = i and 4 = j, sueh that 
ae^ G for p = 1,..., k. Observe that the LCH differential d{a) of a Reeb ehord a G TZ'^^ is a 

Z-linear eombination of eomposable words from i to j. One sees this by following the boundary of 
the holomorphie disk: this is in Aj between a and a^j, in some Aj^ between a£^ and ae^, and so forth. 
Note in partieular that a mixed ehord eannot eontain a eonstant term (i.e., an integer multiple of 1) 
in its differential. That the differentials of generators, d{a), are sums of eomposable words allows 
various algebraie invariants derived from (Al, d) to be split into direet summands. A more detailed 
diseussion appears in a purely algebraie setting in Seetion 3, and the framework developed there is 
a erueial ingredient for the eonstruetion of the augmentation eategory in Seetion 4. 

The invarianee result from Theorem 2.4 ean be strengthened to take link gradings into aeeount. 
Speeifieally, if {A, d) is the DGA of a link A = Ai U ■ ■ ■ U A^ with generating set S = 
then we preserve the deeomposition of the generating set when eonsidering algebraie stabilizations 
by requiring that new generators x, y are plaeed in the same subset 5*^ for some 1 < j < m. We 
then have: 

Proposition 2.6 ([Mis03]). If K = Ai U ■ ■ ■ U A^ and A' = A'^ U ■ ■ ■ U A'^ are Legendrian isotopic 
via an isotopy that takes Aj to A[for 1 < i < m, then there exist (iterated) stabilizations of the 
DGAs of K and A', denoted (5.4,, 9) and (SA^d'), that are isomorphic via a DGA isomorphism 
f : SA —>■ SA', with the property that for a generator a G 5*-^ ofSA, f(^a) is a Z-linear combination 
of eomposable words from i to j in SA'. (Multiples ofl may appear ifi = j.) Moreover, if each Aj 
and A' contains a unique basepoint ti and the isotopy takes the orientation of Aj to the orientation 
of A'-, then we have f(ti) = ti. 


2.3. Aoo categories. 

We follow the eonventions of Keller [KelOl], whieh are the same as the eonventions of Getzler- 
Jones [GJ90] exeept that in Keller the degree of is 2 — n whereas in Getzler-Jones it is n — 2. 
In partieular we will use the Koszul sign rule: for graded veetor spaees, we ehoose the identifieation 
V <Si W W <Si V to eome with a sign n ® te 1 —>■ (—® v, or equivalently, we demand 
(/G) (?)(n < 8 ) in) = (—iy^^^''^f(v)^g(w). Note that the sign eonventions that we use differ from, say, 
the eonventions of Seidel [SeiOS]; so for instanee, reading off the multiplieation operations from the 
differential in Legendrian eontaet homology requires the introduetion of a sign, see (3.1). 

An Aoo algebra A is a graded module equipped with operations rUn : —)■ A for n > 1. These 

operations have degree 2 — n and obey a eomplieated tower of relations. The first is that (mi)^ = 0, 
and the seeond ensures that m 2 is assoeiative after passing to eohomology with respeet to mi. 
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The relations are nieely expressed in terms of the bar eonstruetion. This goes as follows. Let 
T{A[1]) := y4[l]®^ be the positive part of the tensor co-algebra. Let b : T{A[1]) —)■ T{A[1]) 

be a co-derivation - i.e., a map satisfying the co-Leibniz rule - of degree 1. Then, by the co-Leibniz 
rule, b is determined by the components bk ■ —)■ A[l]. 

Let s : A —>■ 74[1] be the canonical degree —1 identification a hA a. Taking bk to be related 
by s o nik = bk o the Ago relations are equivalent to the statement that 6 is a co-differential, 
i.e., 6^ = 0. It is even more complicated to write, in terms of the m„, the definition of a morphism 
A B of Aoo algebras; suffice it here to say that the definition is equivalent to asking for a co-DGA 
morphism r(A [1]) —)■ T(B[1]). That is: 

Proposition 2.7 ([Sta63, Kad85]). Let Abe a graded free module, and letTA = A®^. Then 

there is a natural bijection between A^o algebra structures on A and square zero degree 1 coderiva¬ 
tions on the coalgebra T(A[1]). This equivalence extends to a bijection between A^o morphisms 
A B and dg-coalgebra morphisms T(y4[l]) —)■ T{B[1]), which preserves the underlying map 
A^ B. 

Because in practice our Ago algebras will be given in terms of b but we will want to make explicit 
calculations of the ruk, especially mi and m 2 , we record here the explicit formula relating their 
behavior on elements. For elements a* G A, the Koszul sign rule asserts 

0 • • • ® Ofc) = (-i)l“fe-il+l“fe-2l+-+l“ils®^-i(a^ 0 • • • 0 Uk-i) 0 s(ak) 

= (^_iy«fe-ll + l«fe-3l + |afe-5l+-_5(Q^) 0 s('a 2 ) 0 ... 0 s(ak) 


so: 


02 ,..., Ofc) = s ^ o o s®^(ai 0 02 0 • • • 0 Ofc) 

= 0 ... 0 s(ofc)). 

In terms of the m^, the first three A^o relations are: 

mi(mi(oi)) = 0 

mi(m2(oi, 02)) = m2(mi(oi), 02) -f (-l)l“^lm2(oi, mi(o2)) 
m2(oi, 022 ( 02 , 03)) - m2(m2(oi, 02), 03) = mi(m3(oi, 02, 03)) -f m3(mi(oi), 02, 03) 

-f (-l)l“ilm3(oi,mi(o2),03) 

+ (-l)'“''+'“"'m3(oi,02,mi(o3)). 

These are the standard statements that mi is a differential on A, mi is a derivation with respect to 
m 2 , and m 2 is associative up to homotopy. In general, the A^o relations are 

(2.1) ^(-l)"+"'m„(l®'’0m,0l®*) = 0 

for n > 1, where we sum over all r,s,t>0 with r + s + t = n and put u = r + 1 + t. Note that 
when the left hand side is applied to elements, more signs appear from the Koszul convention. 

The notion of an A^o morphism of A^o algebras f : A ^ B can also be described explicitly, as 
a collection of maps /„ : A®" B of degree 1 — 12 satisfying certain relations; see [KelOl]. We 
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record the explicit expressions for the first two here: 

/i(mi(ai)) = mi(/i(ai)) 

/i(7712(01, 02)) = 7 ? 72 (/i(ai),/i(a 2 )) +mi{f 2 {ai,a 2 )) + / 2 (mi(ai), 02) + (-l)l“^l/ 2 (ai, 7711(02)). 

These assert that /i commutes with the differential, and respects the product up to a homotopy given 
by / 2 . 

The notions of A^o categories and functors are generalizations of A^o algebras and their 
morphisms. An A^o category has, for any two objects 61 , 62 , a graded module Hom( 6 i, 62 ). For 
77 > 1 and objects 61 ,..., 6„+i, there is a degree 2 — 77 composition 

rrin : Hom( 6 „, 6 „+i) 0 • • • (g) Hom( 6 i, 62 ) -)■ Hom( 6 i, 6 „+i) 

satisfying ( 2 . 1 ) where the operations appearing on the left are understood to have appropriate sources 
and targets as determined by 61 ,..., 6 ^+ 1 . 

Remark 2.8. An equivalent way to formulate the A^ condition on a category is as follows. For a 
finite collection of objects 61 ,..., 6 „, let A( 6 i,..., 6 „) := 0 Hom( 6 i, ej) carry compositions de¬ 
fined by first multiplying matrices and then applying the 777 ^. (I.e., form End(0 ef) without assum¬ 
ing 0 6i exists.) The condition that the category is A^o is just the requirement that all A(6i,..., 6„) 
are A^o algebras. 

The definition of an Aoo -functor F is a similar generalization of morphism of A^o algebras; along 
with a correspondence of objects F{e) we have for any objects 61 ,..., 6 „+i a map 

Fn : Hom(6n, 6n+i) ® ''' g Hom(6i, 62 ) -)■ Hom(F(6i), F(6„+i)) 

satisfying appropriate relations. 

Often, Aoo categories are not categories in the usual sense due to the absence of identity mor¬ 
phisms and the failure of associativity of composition (which only holds up to homotopy). However, 
associativity does hold at the level of the cohomology category which is defined as follows. The first 
Ago relation shows that 

777 i : Hom( 6 i, 62 ) -)■ Hom( 6 i, 62 ) 

is a differential: m\ = 0. The cohomology category is defined to have the same objects as the 
underlying A^o category, but with morphism spaces given by the cohomology if*(Hom( 6 i, 62 )). 
Composition is induced by m 2 , which descends to an associative multiplication map 

7772 : Ff*Hom( 62 , 63 ) g if*Hom( 6 i, 62 ) —)■ iF*Hom( 6 i, 63 ). 

An Aoo category is strictly unital if for any object 6 , there is a morphism G Hom( 6 , e) of degree 
0 such that: 

• 7?7i(eJ = 0; 

• for any objects 61 , 62 , and any a G Hom( 6 i, 62 ), 7772 ( 0 , = 7772 ( 6 ^ 2 , a) = a; 

• all higher compositions involving are 0 . 

Proposition 2.9. For any A^o category, the corresponding cohomology category is a (usual, possibly 
non-unital) category, and it is unital if the A^o category is strictly unital. 

An Aoo functor F induces an ordinary (possibly, non-unital) functor between the corresponding 
cohomology categories. In the case that the two A^o categories have unital cohomology categories. 
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F is called an Aoo equivalence (or quasi-equivalence) if the indueed funetor on eohomology eate- 
gories is an equivalenee of eategories in the usual sense, in partieular preserving units. The notion 
of Aoo equivalenee satisfies the properties of an equivalenee relation, of. Theorem 2.9 of [Sei08]. 

To verify that a given A^o funetor F is an equivalenee, it suffioes to oheek that, on eohomology 
eategories, F is essentially surjeotive (i.e. every objeot is isomorphio to one that appears in the image 
of F) and fully faithful (i.e. induees isomorphisms on horn spaees). The property of preserving units 
in eohomology follows as a oonsequenee. 

2.4. Constructible sheaves. 

In this seotion we give a lightning review of eonstruetible sheaves and the eategory defined in 
[STZ14]. 

First we reeall the definition; explanations follow. Put M = and let A C = T°°~M be 
a Legendrian knot. Then Shc{M, A; r) is the dg eategory of eonstruetible sheaves with eoeffieients 
in r, singular support at infinity eontained in A, and with eompaet support in M. In faet, we use a 
slight variant: when we take M = x M.z with C we will require only that sheaves have 
zero support for z 0. By [GKS12, STZ14], Shc{M, A; r) is invariant under Legendrian isotopies, 
in the sense that they induee equivalenees of eategories. 


2.4.1. Constructible sheaf category. 

For a eommutative ring r, and a real analytie manifold M, we write Shnaive{M]T) for the tri¬ 
angulated dg eategory whose objeets are ehain eomplexes of sheaves of r-modules on M whose 
eohomology sheaves are eonstruetible (i.e., loeally eonstant with perfeet stalks on eaeh stratum) 
with respeet to some stratifieation — with the usual eomplex of morphisms between two eomplexes 
of sheaves. We write Sh(M; r) for the loealization of this dg eategory with respeet to aeyelie eom- 
plexes in the sense of [Dri04]. We work in the analytie-geometrie eategory of subanalytie sets, and 
eonsider only Whitney stratifieations whieh are for a large number p. Given a Whitney stratifiea¬ 
tion S of M, we write Shs{M; r) for the full subeategory of eomplexes whose eohomology sheaves 
are eonstruetible with respeet to S, or “5-oonstruotible.” We suppress the eoeffieients r and just 
write Sh{M), Shc{M), Shs{M), ete., when appropriate,^ reealling the meaning of the subseript 
“c” from the previous paragraph. 


2.4.2. Relation to Fukaya category. 

Let M be a real analytie manifold. Without going into the details of the unwrapped Fukaya eate¬ 
gory of a eotangent bundle Fuk^(T*M) (see Seetion 8 for a bit more), we state here the relationship 
found in [NZ09, Nad09] between eonstruetible sheaves and this eategory: there is an equivalenee 
of Aoo eategories p : Sh{M) —)■ Fuke{T*M), ealled “mieroloealization.” The advantage of eon- 
struetible sheaves over the more analytieal Fukaya eategory is that they are eombinatorial in nature, 
as we now explain. 


'We do not always work with sheaves of C-vector spaces, but otherwise, our conventions concerning Whitney strati- 
hcations and constructible sheaves are the same as [NZ09, §3,4] and [Nad09, §2]. 
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2.4.3. Combinatorial model. 

Definition 2.10. Given a stratification S, the star of a stratum s G 5 is the union of strata that 
contain s in their closure. We view 5 as a poset category in which every stratum has a unique map 
(generization) to every stratum in its star. We say that 5 is a regular cell complex if every stratum is 
contractible and moreover the star of each stratum is contractible. 

Now if C is any category and A is an abelian category, we write FurinaiveiC, A) for the dg 
category of functors from C to the category whose objects are cochain complexes in A, and whose 
maps are the cochain maps. We write Fun{C, A) for the dg quotient [Dri04] of FuUnaweiC, A) by 
the thick subcategory of functors taking values in acyclic complexes. For a ring r, we abbreviate the 
case where A is the abelian category of r-modules to Fun{C, r). 

Proposition 2.11 ([She85],[Nad09, Lemma 2.3.2]). Let S be a Whitney stratification of the space 
M. Consider the functor 

(2.2) Vs '■ Shs{M]T) ^ Fun{S.,T) F ha [s ha r(star of s; F)]. 

IfS is a regular cell complex, then Vs is a quasi-equivalence. 

Remark 2.12. Note in case 5 is a regular cell complex, the restriction map from r(star of s; F) to 
the stalk of F at any point of s is a quasi-isomorphism. 

We now must encode the data of the knot, which enters through the notion of singular support. 


2.4.4. Singular support. 

To each F G Sh{M) is attached a closed conic subset SS{F) c T*M, called the “singular 
support” of F. The theory is developed in [KS94], especially Chapter 5. If F is constructible, then 
S'S'(F) is a conic Lagrangian, i.e. it is stable under dilation (in the cotangent fibers) by positive 
real numbers, and it is a Lagrangian subset of T*M wherever it is smooth. Moreover, if F is 
5-constructible, then SS{F) is contained in the characteristic variety of S, defined as the union 
of conormals: Vs := T^M. Note that by conicality we have that := V 5 fl T°°M is a 
Legendrian subset. Before describing singular support any further, let’s cut to the chase and say we 
will define Sh{M, A; r) C Sh{M] r) to be the full subcategory defined by such F with SS{F) C A 
for a Legendrian subspace A of T°^M, and similarly for Shc{M, A; r). 

For our purposes it is useful to understand what a nonsingular covector eT*M looks like. First 
denote by Bj. a ball of size r around x (fixing some Riemannian metric) and a function / : —)■ M 
so that f{x) = 0 and df{x) = S,x- Then [KS94, Corollary 5.4.19] states that if ^ SS{F) then for 
all r and e small enough we have that 

V{f-\-oo, a) n Bp, F) ^ r(/-i(-cx), -e) n Bp, F) 

is a quasi-isomorphism and independent of r and a small enough. The utility of this is as follows. 
In our application, A will be a Legendrian knot inside C In particular, every 

covector with > 0 is nonsingular, which means that every local restriction map which is down¬ 
ward is required to he a quasi-isomorphism. Then Sh(Mf, A; t) C Shs{iSf;T) = Sh(Mf, As;Tr), 
where S is the stratification in which the zero-dimensional strata are the cusps and crossings, the 
one-dimensional strata are the arcs, and the two-dimensional strata are the regions. 
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In fact, in the case where the stratification 5 is a regular cell complex, we can do better: every 
object in Shc{M, A, r) is equivalent to one in which the downward maps are identities — see Sec¬ 
tion 3.4 of [STZ14], where such objects are called “legible.” The statement is proven in [STZ14, 
Proposition 3.22]. Further conditions are imposed by local considerations at cusps and crossings. 
For example, at a crossing shaped like the figure x in the xz plane, nonsingularity of the covector 
—dz means acyclicity of the total complex of the associated restriction map. We state here only the 
results; see [STZ14, Section 3.4] for details. Legible objects look as in Figure 2.4.4 near an arc, a 
cusp, or a crossing: 




Figure 2.2. Legible objects in various neighborhoods of a front diagram. 

Under the equivalence of Proposition 2.11, the assignment to a stratum is equal to the chain com¬ 
plex placed in the region below. The arrows represent the upward generization maps from points on 
the strata above a region to points on the region above. Further, singular support considerations lead 
to the following conditions: the composition of the maps on the cusps is required to be the identity 
map of V*, and the square around the crossing must commute and have acyclic total complex. 


2.4.5. Microlocal monodromy. 

Given an object F G A; r) C A^; r), there corresponds under F^ of Proposition 

2.11a functor F s (F) from the poset category of S to chain complexes of r-modules. Then to a pair 
of an arc a on a strand and a region r above it (so r = star of r is an open subset of star of a), we 
have a morphism a —t r and there is an associated upward generization map p = Ts{F){a —)■ r) 
given by p : F(star of a; F) —F(r; F). If we take a legible representative for Ts{F) then p can 
also be associated to a map from the region s below a to the region r above, as in Figure 2.4.4. The 
microlocal monodromy will be constructed from the map p. 

Recall that a Maslov potential p on the front diagram of a Legendrian knot A (with rotation 
number 0) is a map from strands to Z such that the value assigned to the upper strand at a cusp is 
one more than the value of the lower strand. Now let A be the unique lift of Fe. the induced 

stratification of the knot A itself. Note there is one arc in A for each arc of S, but two points for 
each crossing. The microlocal monodromy of an object F G Sh{M?, A), denoted pmon{F), begins 
life as a functor from strata of A to chain complexes: pmon{F){a) = Cone(p)[—/i(a)]. Note the 
Maslov potential is used to determine the shift. In [STZ14, Section 5.1] it is shown how to treat the 
zero-dimensional strata of A and that pmon maps arrows of the A category to quasi-isomorphisms 
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— see [STZ14, Proposition 5.5]. As a result, nmon defines a funetor from A; r) to loeal 

systems (of ehain eomplexes) on A : 

fimon : A;r) —)■ Loc(A;r). 

Definition 2.13. We define Ci(A, /r; r) c A) to be the full subeategory eonsisting of objeets 

F sueh that jjLmon{F) is a loeal system of rank-one r-modules in eohomologieal degree zero. 

Example 2.14. Let =„ be the front diagram with n infinite horizontal lines labeled 1, 2,..., n from 
top to bottom, and let A be the eorresponding Legendrian. Let /r be the Maslov potential /r(z) = 0 
for all i. The assoeiated stratifieation 5 is a regular eell eomplex, and therefore every objeet of 
Ci(A,/r;r) C A; r) has a legible representative. To the bottom region we must assign 0 

due to the subseript “c.” If V* is assigned to the region above the n-th strand, then the mieroloeal 
monodromy on the nth strand is the eone of the unique map from 0 to 1/*, i.e. V* itself. Mieroloeal 
rank one means then that V* is a rank-one r-module in degree zero. Moving up from the bottom 
we get a eomplete flag in the rank-n r-module assigned to the top region. For details and further 
eonsiderations, see Seetion 7.3. 

In Theorem 7.1 we show that the eategory Ci(A, /r; r) is equivalent to the eategory of augmenta¬ 
tions to be defined in Seetion 4. 
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3. Augmentation category algebra 

In this section, we describe how to obtain a unital Aqo category from what we call a “consistent 
sequence of differential graded algebras.” Our motivation is the fact that if we start with a Legendrian 
knot or link A in and define its m-copy A™ to be the link given by m copies of A perturbed in 
the Reeb direction, then the collection of Chekanov-Eliashberg DGAs for A"^ (m > 1) form such 
a consistent sequence, as we will see in Section 4. First, however, we present a purely algebraic 
treatment, defining a consistent sequence of DGAs and using it to construct the augmentation 
category Aug+{A^*\T!:) along with a variant, the negative augmentation category Aug_{A^*\'s:). 
We then show that Aug+{A^*\j:) is unital, though Aug-{A^*\j:) may not be (see Section 4 or 
[BC14]). 

3.1. Differential graded algebras and augmentations. 

For the following definition, by a DGA, we mean an associative Z-algebra A equipped with d.'Llm 
grading for some even m > 0, and a degree —1 differential d that is a derivation. The condition that 
m is even is necessary for the Feibniz rule d{xy) = {dx)y + {—iy^^x{dy) to make sense, though 
many of our results continue to hold if m is arbitrary and A is instead an i?-algebra where R is a 
commutative unital ring with —1 = 1 (e.g., R = Z/2). 

Definition 3.1. A semi-free DGA is a DGA equipped with a set 5 = 7^ U T of homogeneous 
generators 

R' • • • 1 ^r\ 

T = ) • • • ) } 

such that A is the result of taking the free noncommutative unital algebra over Z generated by the 
elements of S and quotienting by the relations ti ■ ■ ti = 1. We require in addition that 

\ti\ =0 and dti = 0. 

We note that our use of “semi-free” is nonstandard algebraically but roughly follows [Che02]. 

Definition 3.2. Fet r be a commutative ring; we view it as a DGA by giving it the zero grading and 
differential. A t -augmentation of a semi-free DGA .4, is a DGA map e : A t. That is, it is a 
map of the underlying unital algebras, annihilating all elements of nonzero degree, and satisfying 

eo d = 0. 

Remark 3.3. An augmentation e is uniquely determined by e{ai) G r for each a* G TZ, along with 
invertible elements e{ti) G r. 

Given an augmentation e : 4, —r, we define the r-algebra 

A^ := {Ai^T)/{ti = e{ti)). 

Since dU = 0, the differential d descends to A^. 

We write C for the free r-module with basis TZ. We have 

= 0 

k>0 
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and we further define C by 

Al := 0C'®^ 

fc>i 

Note that d need not preserve At^. A key observation, used extensively in Legendrian knot theory 
starting with Chekanov [Che02], is that this ean be repaired. 

Consider the r-algebra automorphism (j)^ : A^, determined by 0e(a) = a + e(a) for a G 71. 

Conjugating by this automorphism gives rise to a new differential 

de'.= (j)e° d o 07^ : A^ —)■ A"". 


Proposition 3.4. The differential preserves Al^, and in particular, descends to a differential on 

AX/{A%f = C. 


Proof. Write A’^ = r and denote the projeetion map —)■ r by vr; then 7ide{ai) = = 

ed{ai) = 0, and it follows that sends A\. to 0. □ 


Let C* := Homi.(C, r). The generating set 7Z = {a,} for C gives a dual generating set {a*} for 
C* with (a*, Oj) = 5ij, and we grade C* by \a*\ = |aj|. 

Reeall that for an r-module V, we write T(l/) := 0„>o V"®” for the tensor algebra, and T(y) : = 
0n>i The pairing extends to a pairing between T{C*) and T{C) determined by 


{ai,ai2 ■ ■ ■ ©J* = Ap\A,\a*^... a^al : 

that is, {a*^ ■ ■ ■ afaffaiAi 2 ''' o>ik) = (—l)^p<<3 and all other pairings are 0. (The sign 

eomes from the faet that we are reversing the order of the a^’s, and is neeessary for the dual of a 
derivation to be a eoderivation, whieh in turn we need for the eorrespondenee between A^o algebras 
and duals of DGAs.) On the positive part T{C*) of the tensor algebra T(C'*), we define 9* to be the 
eo-differential dual to dp. 

{d*x,y) = {x,d,y). 

Shift gradings by defining C'^ := C'*[—1]; then T{C*) = T(C^[1]). By Proposition 2.7, the eo- 
differential d* now determines an Aoo strueture on C'^. We write the eorresponding multiplieations 
as 

mfc(e) : ^ C'"'. 

Coneretely, mk{e) is given as follows. For a G 7^, a is a generator of C with dual a* G C*. Write 
the eorresponding element of C'^ as = s~^{a*), where s : C'^ ^ C^[l] = C* is the degree —1 
suspension map, and note that 

|a^| = |a*| + 1 = |a| + 1. 

Now we have 


and also 

{d*ffai^---ai,)\a) = ((oi, ■ ■ ■ a* J*, a,a) = Coeffa,^...a,^ (^.a). 
Combining these, and using the faet that 


X] l©pll©J + |a*LJ + |aL3l + '" 

l<p<g</c 


+ + (mod 2), 

l<p<g</c j 
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we obtain the following formula for in terms of the differential d^: 

Coeffa,^...„^^(a,a), 


+ l®^4l ^-• 


k = 1 
k = 2. 

We write C'^ := (C^, mi(e), m 2 (e),...) to mean viewed as an A^o algebra, rather than just as 
a r-module. In this eontext, and when there is no risk of eonfusion, we simply write for mk{e). 

3.2. Link grading. 

Here we give several viewpoints on link grading, whieh is an additional structure on the DGA of 
a Legendrian link in the case where the link has multiple components; the notion and name are due 
to Mishachev [Mis03]. We then discuss how it interacts with the A^o structure from Section 3.1. 

Definition 3.5. Let {A, d) be a semi-free DGA with generating set 5 = TZUT. An m-component 
weak link grading on (.4., d) is a choice of a pair of maps 

r, c : 5 —j- { 1 ,..., m} 

satisfying the following conditions: 

( 1 ) for any a eTZ with r(a) 7 ^ c(a), each term in da is an integer multiple of a word of the form 
Xi - ■ -Xk where c{xi) = r{xi+i) for i = 1 ,..., A: — 1 and r{xi) = r(a), c(xk) = c{a) (such 
a word is called “composable”); 

( 2 ) for any a eTZ with r(a) = c(a), each term in da is either composable or constant (an integer 
multiple of 1 ). 

(3) for any i, we have r(fj) = c{t~^) and c{ti) = 

The maps r, c form an m-component link grading if they also satisfy 

(4) r{ti) = c(ti) = r(fri) = c(t~^) for alH. 

We write 5*-’ := (r x and likewise and T*T We call elements of 5** diagonal and 

elements of for z 7 ^ j off-diagonal. Note that all elements of T are required to be diagonal in a 
link grading. 

The motivation for this definition is that if A = Ai U ■ ■ ■ U Am is an m-component Legendrian 
link, then the DGA for A has an m-component link grading: for each Reeb chord a, define r(a) (re¬ 
spectively c(a)) to be the number of the component containing the endpoint (respectively beginning 
point) of a, and define rfi) = c{ti) = to be the number of the component con¬ 

taining the corresponding base point. More generally, if A is partitioned into a disjoint union of m 
sublinks (where each may consist of more than one link component), then the DGA for A similarly 
has a natural m-component link grading. 


(3.1) 

where 




a = k{k-l)/2+ 

\p<q 




lalllall I + 


For future reference, we note in particular that 

0 


cr = 


k,'., + WiA +1 




* 2 1 
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Given a DGA with an m-component weak link grading, a related DGA to eonsider is the “eom- 
posable DGA” d'), ef. [BEE12, §4.1]. Here A' is generated over Z by 

S' = TZVATyA {ei,.. ..era] 

with r, c extended to S' by defining r(ei) = c(ej) = i, quotiented by the relations 

• xy = x,y ^ S' with c{x) ^ r{y) 

• ti ■ = er(ti) and ■ U = ec^u) 

• for X G S', xci = xii c(x) = i, and = x if r(x) = i. 

The differential d' is defined identieally to d, extended by d'{ei) = 0, exeept that for eaeh Reeb ehord 
a with r(a) = c(a), eaeh eonstant term n e Z in da is replaeed by ncr^a)' that is, the idempotent e* 
eorresponds to the empty word on eomponent i. We ean now write 

m 

A = 0(.4')« 

where {A!y^ is generated by words xi - ■ -Xk with r(xi) = i and c{xk) = j, and d' splits under this 
deeomposition. 

It will be useful for us to have a reformulation of the eomposability properties of {A!^ d') in terms 
of matriees. To this end, eonsider the algebra morphism 

End(Z"*) 

X H-)■ X ® |r(x))(c(x)| X G iS 

e* H-)■ 1 ® i = 

where |r) (c| is the m x m matrix whose (r, c) entry is 1 and all other entries are 0. Note that A ® 
End(Z"*), i.e., the m x m matriees with eoeffieients in A, is naturally a DGA: it is a tensor produet 
of DGAs, where End(Z™) earries the 0 differential. (That is, the differential d on ^(g)End(Z”^) aets 
entry by entry.) The weak link grading property now just states that £ is a DGA map from {A!^ d') 

to {A ® End(Z”^), d). 

Eor a variant on this perspeetive, and the one that we will largely use going forward, suppose 
that r, c is a weak link grading and that e : ^ r is an augmentation. We say that e respects the 
link grading on A if e(a) = 0 for all a G 7^ with r(a) y c{a) (“mixed Reeb ehords”); note that 
e{ti) = y 0 for all i, so r{ti) = c{ti) and thus r, c must be an aetual link grading. In 

this ease, the twisted differential 0^ = 0^ o 0 o 0“^ preserves the link grading, and we ean drop the 
diseussion of idempotents sinee d^ eontains no eonstant terms. More preeisely, reeall that A^ is 
the r-algebra (^ ® r)/(fj = e(fj)), and define the r-algebra map 

e-.A^^A^^ End(Z™) 

a H->■ a ® |r(a))(c(a)| a&TZ. 

Then the strueture of the m-eomponent link grading implies that £ is a DGA map from {A'^^ d^) to 
{A^ (g) End(Z'"), de)y 

'y 

For yet another perspective, one can combine the twisted differential with the composable algebra. Consider the 
path algebra A' over r on the quiver whose vertices are 1,..., m and whose edges are the Reeb chords a, where edge 
a goes from vertex i to vertex j if r{a) = i and c(a) = j. Then descends to a differential on A' that respects the 
splitting A' = 0ij (gl")*C where [A'Y^ is generated as a r-module by paths beginning at i and ending at j. In this 
context, the idempotent Ci corresponds to the empty path at i. 
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For the remainder of this subsection, we suppose that {A, d) is a semi-free DGA equipped with a 
link grading. 

Proposition 3.6. The two-sided ideal generated by the ojf-diagonal generators is preserved by d. 
More generally, ifn : {1... m} = Pi U ■■■ U is any partition, let be the two-sided ideal J.^ 
generated by all elements a with r(a), c(a) in dijferent parts. Then .1^, is preserved by d. 

Proof. Let g be an off-diagonal generator, and i/i ■ ■ ■ be a word in dg. Then r{g) = r{yi), c{yi) = 
r(i/j+i), and c{yk) = c{g). So if moreover r{yi) = c{yi) for all i, we would have r{g) = c{g), a 
contradiction. 

The argument in the more general case is similar. □ 

Note that Aj Jj, remains a semi-free algebra with generators T and some subset of TZ', it moreover 
inherits the link grading. 

Definition 3.7. For m} = J U we write Ai for the subalgebra of A/ Jjjc generated by 

the elements of ]J • We will write Ai := A{i]. 

Proposition 3.8. For any I C m}, the algebra Ai is preserved by the differential inherited 

by A/ Jijc. 

Proposition 3.9. For any partition vr : {1,..., m} = PiU ■■■ U P^, we have At, = Ap., a ■ ■ ■ a Ap^.. 

In particular, an augmentation of A which annihilates generators a with r(a),c(a) in different 
parts is the same as a tuple of augmentations of the Ap^. 

Let e : .4, —)■ r be an augmentation. We write for the free r-submodule of C generated by TPf 
so that C = ■ Similarly we split = 0 Cfy The product then splits into terms 

Proposition 3.10. Assume e respects the link grading. Then the product mk{e) : ® ® 

■ • • 0 CP^ —)■ Cfj vanishes unless ik = i, ji = j, and P = jr+i- 

Proof. Up to a sign, the coefficient of of in the product mk{af^,... is the coefficient of 
" Oni in 5^0. Since a G TPf this vanishes unless ik = i, ji = j, and v = jr+i- D 


That is, the nonvanishing products are: 


ruk 


^ fc ^ fc +1 






Proposition 3.11. Let A be a semi-free DGA with an m-component link grading. Let e be an 
augmentation which respects the link grading. There is a (possibly nonunital) Aqo category on the 
objects m} with morphisms Hom(z, j) = Cfj, with multiplications ruk as above. 


Proof. The Ago relations on the category follow from the Aqo relations on the algebra as per 
Remark 2.8. □ 


Proposition 3.12. Let e : A ^ t be an augmentation respecting the link grading. Let it be a 
partition of {1,..., m}. Suppose p,... ,ik are in the same part P ofir. Then computing ruk in A, 
At,, and Ap gives the same result. 

Proof. The element rUk is computed using the length k terms of the twisted differential in which 
the terms above appear. The assumption that the augmentation respects the link grading means that 
off-diagonal terms will not contribute new things to the twisted differential. □ 
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3.3. Aoo -categories from sequences of DGAs. 


For bookkeeping, we introduee some terminology. We write A+ for the eategory whose objeets 
are the sets [m] := {!,... ,m} and whose morphisms are the order-preserving inclusions. Such 
maps [m] —)• [n] are enumerated by m-element subsets of [n ]; we denote the map corresponding 
to / C [n]hy hi : [m] — )■ [n]. We call a covariant functor A+ —^Ca co-A+ object of C.^ For 
a CO-A+ object X : A+ —>■ C, we write X[m\ := X({1, ... ,m}). We denote the structure map 
X[m] —)■ X[n] corresponding to a subset I C [n] also by hi. 

For example, A+ itself, or more precisely the inclusion A+ —)■ Set, is a co-A+ set. Another 
example of a co-A+ set is the termwise square of this, A^, which has A^[m] = m}^. 

Definition 3.13. A sequence of semi-free DGAs d), d),... with generating sets 

iSi, ^ 2 ,... is consistent if it comes equipped with the following additional structure: 

• the structure of a co-A+ set S with S[m\ = Sm', 

• link gradings —)■ {1,..., m} x m}. 

This structure must satisfy the following conditions. First, the link grading should give a morphism 
of CO-A+ sets S —A^. Second, for any m-element subset I C [n], note that the map hi Sm Sn 
induces a morphism of algebras hi : —>■ A}'P\ We require this map be an isomorphism of 

DGAs. 


Remark 3.14. There is a co-A_|_ algebra A with A[m\ = and the structure maps induced from 
the structure maps on the Sm- This however is generally not a co-A+ DGA - the morphisms do not 
respect the differential. 

Lemma 3.15. Let A^*'* be a consistent sequence of DGAs. Then in particular: 

• The map hi : is an isomorphism, and 

= hi{A^^^)i.---i.hm{A^^^)=A^^U---i<A^^\ 

In particular, an m-tuple of augmentations of A^^^ induces a augmentation of A^^'^ which 
respects the link grading. 

The map hij : S 2 —)• Sm induces a bijection hij : Sf^ —?• Slf and hence an isomorphism 

: C^r 2 ^ Cr,. 

Let ( 61 , 62 ,... , 6 m) be a tuple of augmentations of A^^\ and let e be the corresponding 
diagonal augmentation of AA^\ Let 1 < ii < 12 <■■■ < ik+i < m be any increasing 
sequence. Then the composite morphism 


_ Am) .V 


(3.2) 


'-^12 




Iklk + l 


V mj^{t)^ y 




*i*fe+i 




does not depend on anything except the tuple (6*^,..., 


Proof. The first part of the first statement holds by definition; the equation following is Proposition 
3.9. The second statement again holds by definition. The third statement is Proposition 3.12. □ 

We will associate an Aoo-category to a consistent sequence of DGAs. 


^Co-A+ is pronounced “semi-cosimplicial.” We only use A+ for bookkeeping - while the following construction 
bears some family resemblance to taking a resolution of we have been unable to express it in this manner. 
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Definition 3.16. Given a consistent sequence of DGAs , d) and a commutative coefficient ring 
r, we define the augmentation category Aug+{A^*\T) as follows: 

• The objects are augmentations e : 4,^^^ —)■ r. 

• The morphisms are 

Hom+(ei,e2) := ^ A^‘^\ 

where e is the diagonal augmentation (ci, 62 ). 

• For k > 1 , the composition map 

ruk : Hom+(efc, eu+i) ® ■■■ ® Hom+(e2,63) 0 Hom+(ei, 62) -)■ Hom+(ei, eu+i) 

is defined to be the map of (3.2). 

Proposition 3.17. Aug+{A^*\T!:) is an category. 

Proof. The A^o relations can then be verified by observing that all compositions relevant to any finite 
relation can be computed in some fixed category of the sort constructed in Proposition 3.11. □ 

Remark 3.18. We emphasize that the A^o algebra Hom+(e, e) is not the A^o algebra obtained by 
dualizing (4,*'^^)'^. In particular, the former can be unital when the latter is not. 

Definition 3.19. Given two consistent sequences 0) and d), we say a sequence of DGA 
morphisms 

f(m) . 

is consistent if: 

(1) Each preserves the subalgebra generated by the invertible generators. 

(2) The /(-) are compatible with the link gradings in the following sense. For any generator, 
tti e Sm, fi^i) is a Z-linear combination of composable words in from r{ai) to c{ai), 
i.e. words of the formxi ■ ■ - Xk with c{xi) = r{xi+i) fori = 1 ,..., fc — 1 , and r{xi) = r{ai), 
c{xk) = c{ai). Note that constant terms are allowed if r{ai) = c{ai). 

As a consequence of this requirement, a well-defined DGA morphism of composable 
algebras arises from taking to be with all occurrences 1 replaced with 

the idempotent 6 ^( 0 ^) for generators Oj of A^"^\ Moreover, the following square commutes: 


(^M)/ 






(3.3) 


f (m) (^1 

(g, End(Z”^) -^ (g) End(Z™). 


(3) For any / : [m] [n], note that, by the previous axiom, induces a well defined homo¬ 

morphism : {A^P\ d) —)■ {B\'^\d). We require the following diagram to commute: 


f{m) 

j[i^) - _^ ^(” 1 .) 


(3.4) 




ft 

(n) 4 / 


(n) 


B 


(n) 

I 5 


where the vertical arrows are the definitional isomorphisms hj. 
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A consistent sequence of DGA morphisms —)■ gives rise to an Aoo- 

functor 

F : Aug+{B^'\T) ^ Aug+{A^'\T) 

according to the following construction. On objects, for an augmentation e : {B^^\ d) —)■ (r, 0) we 
define 

Fie) = f*e:=eo f 

where / := d) — iB^^\ d). Next, we need to define maps 

Fk : Hom^(efc, Cfc+i) ® ® Hom^(ei, Ca) Hom:J(/*ei, f*ek+i). 

Consider the diagonal augmentation e = (ei,..., ek+i) of and let := o o 

Here, we used that passes to a well defined map . 

Observe that C i.e. no constant terms appear in the image of 

generators. We then define Fk, up to the usual grading shift, by dualizing the component of fe 
that maps from 

^l,fc+l ^ ^/l,2 ^ . . . (^ ^/fe,fc+l 

and making use of the consistency of the sequence to identify the grading-shifted duals and 

^Ik+i with Hom^(ei, Ci+i) and Hom:f (/*ei, f*ek+i) respectively. 

Proposition 3.20. If the sequence of DGA morphisms f^'^'> is consistent, then F is an Aoo-functor. 
Moreover, this construction defines a functor from the category of consistent sequences ofDGAs and 
DGA morphisms to Aoo categories. 

Proof Using the third stated property of a consistent sequence, we see that the required relation for 
themapFfc : Horn® (cfc, Cfc+i)®-• •( 8 )Hom^(ei, 62 ) —)■ Hom':;^(/*ei,/*efc+i) follows from the identity 

fe^^^'^d(^pk+i)Y^ = That the construction preserves compositions and identity morphisms 

is clear from the definitions. □ 


3.3.1. The negative augmentation category. 

For a given consistent sequence of DGAs (.4.*^*^ d) , there is a kind of dual consistent sequence 
obtained by reversing the order of components in the link grading. That is, for each m> 1, we form 
a new link grading, (r x c)*, as the composition 

Sm ’"A'" {1,..., m} A {m,..., 1} 

where r reverses the ordering: r(/c) = m — k + 1. The structure of a consistent sequence for this 
new link grading is then provided by altering the maps hj to h] = hr{i). 

Definition 3.21. Given a consistent sequence of DGAs d) and a coefficient ring r, we define 
the negative augmentation category Aug-iA^*\T) to be the augmentation category associated, as 
in Definition 3.16, to the sequence of DGAs iA^'^\ d) with link grading (r x c)* and co-A+ set 
structure on the Sm given by the hf. 

The category Aug_iA^*\T) can also be described in a straightforward manner in terms of the 
original link grading and hj for (4,^™A) follows: 
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• The objects are augmentations e : —)■ r. 

• The morphisms are 

Hom_(e 2 ,ei) := C21 C 

where e is the diagonal augmentation (ei, 62) (note the reversal of the order of inputs). 

• For k > 1, let (ei, 62,, Cfc+i) be a tuple of augmentations of A^^\ and let e be the corre¬ 
sponding diagonal augmentation of Then 


(3.5) 


mfc : Hom_(e2, ei) 0 Hom_(e3, 62) 

is the composite morphism 


Hom_(efc+i,efc) Hom_(efc+i, ei) 


cy 


21 


)cy 


21 


> c'y 


21 


'^k+l,k ^ 


^ a 


21 - 


Remark 3.22. (i) In the preceding formulas, objects were indexed in a manner that is reverse to 

our earlier notations. This is to allow for easy comparison of the operations in Aug+{A^*\T) 
and Aug_{A^*\j:) that correspond to a common diagonal augmentation e = (ei,..., e^+i) 
of 0). 

(ii) The subscripts of the h maps are the same as in (3.2). However, in these two settings, they 
are applied to different generators from the S^- 


Proposition 3.23. The map (ci, 62) 1 —>■ Hom+(ei, 62) underlies the structure of an A^o bifunctor from 
Aug_ to chain complexes and likewise the map (ei, 62) Hom_(ei, 62) underlies the structure of 
an Ago bifunctor from Aug^ to chain complexes. 

Proof Consider the diagonal augmentation e on induced by the tuple (61,62,63). Then the 
composition on C"^ gives us in particular: 

m2 ; Hom+(6i, 63) 0 Hom_(62, 61) = 0 = Hom+(62,63) 

m2 ; Hom_(63, 62) 0 Hom+(6i, 63) = C32 0 C^3 -)■ = Hom+(6i, 62) 

m2 ; Hom+(6i, 62) 0 Hom_(63, 61) = ® C'^i C^2 = Hom_(63,62) 

m2 ; Hom_(63,6i) 0Hom+(62,63) = C33 0 C23 -)■ = Hom_(62,6i). 


The first two and the analogous higher compositions give Hom+ the structure of a bifunctor on 
Aug_, since the compositions are taking place in an A^o algebra as described in Proposition 3.11. 
Similarly, the second two and their higher variants give Hom_ the structure of a bifunctor on Aug+. 

□ 


Remark 3.24. Note from the proof of Proposition 3.23 that we have maps 


m2 : Hom±(62, 63) 0 Hom±(6i, 62) -)■ Hom±(6i, 63) 

for all choices of (±, ±, ±) except (+, -f, —) and (—,—,-!-). These six choices correspond to the six 
different ways to augment the components of the 3-copy with 61, 62, 63 in some order. For (-f, -f, -f) 
and ( — ,—,—), we recover the usual m2 multiplication in the A^o categories Aug+ and Aug-. 
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3 . 4 . A construction of unital categories. 

Let {A, d) be a semi-free DGA with generating set 5 = TZUT where TZ = {oi,..., a^} and 
T = {ti, ..., tM, }• Suppose further that (. 4 ., d) is equipped with a weak link grading (rxc) : 

5 —> { 1 ,..., /} X {!,...,/}• (As in Definition 3 . 5 , this means rxc satisfies all the conditions of a 

link grading except that the elements of T are not required to be diagonal.) 

We will construct a consistent sequence from the above data.^ 

Proposition 3 . 25 . Let {A, d) be a semi-free DGA with a weak link grading as above. We define a 
sequence of algebras 4 .^*^ with = A where has the following generators: 

• where 1 < k <r and 1 < j < m, with degree \al\ = \ak\; 

• where 1 < k < M and 1 < i < j < m, with degree \x^l\ = 0 ; 

• where 1 < k < M and 1 < i < j < m, with degree \y''f\ = — 1 ; 

• invertible generators where 1 < k < M and 1 < i < m. 

We organize the generators with matrices. Consider the following elements of Mat {m, : 

Ak = (a/), Afc = Diag(t^,..., t'f), 



■f 

■^k 

■ -^k 


'0 

vF ■ 

„ Im-I 

dk 


0 

1 • 

™2m 
■ -^k 

, Yk = 

0 

0 ■ 

■ Vk^ 


0 

0 ■ 

1 


0 

0 ■ 

■ 0 


We introduce a ring homomorphism 

Ofc I—)■ Ak 

Ik ^ ^ 

and a (<h, -derivation 

ay '■ A —?• Mat(m, 4 ,*'™'^) 

s ^ s g 5 . 

Then there is a unique derivation 0 ™ on 4 .*'”*^ such that (applying to matrices entry by entry): 

d^A = 0 
d^Yk = 

d'^o^ = (^od + ay. 

Furthermore, this derivation is a differential: = 0 . 

^The following construction comes from the geometry of the m-copies of a Lagrangian projection (cf. Proposition 
4.14), but we require it in some non-geometric settings in order to prove invariance. Thus it is convenient to carry out 
the algebra first. In the geometric case, the identity = 0 is automatic because d™ is the differential of a C-E 

DGA. 
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Proof. The uniqueness of sueh a derivation follows beeause taking s = tk determines = 

A“^ 5 "*(AfcXfc) = d'^Xk, and taking s = a determines d"^^{ak) = d'^Ak. Existenee follows be- 
eause the above speeifies its behavior on the generators, and the equation 9”^o<h = <ho5 + ay 
need only be cheeked on generators since both sides are (<h, <h)-derivations. (Recall that / is a 
($,$)-derivation when f{ah) = /(a)<h(6) -f (—l)l“l<h(a)/(6).) 

We turn to checking ( 5 ™)^ = 0 . Evidently 

(a™) 2 (Afc) = 0 , {d^^Yk = {dYk)Yk + {-l)-^Yk{dYk) = Y^ - if = Q, 

and we compute 

{d'^Y o^ = d'^o{^od + ay) = ^ o + ay o d + o ay = ay o d + o ay 

so it remains only to show, for any s E S, that 

( 3 . 6 ) d'^ay{s) = —ay{ds). 

In order to verify this identity, recall from Definition 3.5 the DGA homomorphism i : A' ^ 
A ® End(Z*) arising from the weak link grading on A, where (^', d') denotes the composable 
algebra and A ® End(Z^) has differential 0 ® 1 . We compose the maps <l> (g) 1 and ay 0 1 with ^ to 
define maps 

^■.A:^A® End(Z') ^ Mat(m, A^^Y ® End(Z 0 

ay.A'^A® End(Z') Mat(m, A^^Y ® End(Z'). 

The identity c)™o<h = <hoc)-i-ay immediately implies ( 0 ™ ®l)o<|> = $oc)'4-dy. Moreover, if 
we can show for any s G 5 that 

( 3 . 7 ) ( 0 ™^ ® 1) o dy(s) = —dy o c)'(s), 
then ( 3 . 6 ) will follow. This is because we can then compute 

( 0 ™ O ay(s)) g) |r(s))(c(s)| = (O™ g) 1 ) o (ay g 1 ) o i(s) 

= (d™ g 1 ) O dy(s) 

(—ay o c)(s)) 0 |r(s))(c(s)| = (—ay 0 1) o (0 0 1) o £(s) 

= (—ay 0 1) o £ o d'{s) 

= -dy O d'{s), 

and these last two quantities are equal. 

To establish ( 3 . 7 ), we define an element of Mat(m, 0 End(Z^) by the formula 

i 

Y = ^yi0 |z)(i| 

i=l 

and verify the identities 

= dy(s) = [Y,l>(s)] 

where s G 5 and [x,y] = xy — (—denotes the graded commutator. Note that dy and 
[Y, $(■)] are both (I*, <f>)-derivations from Al to Mat(m, A^'^Y ® End(Z^). Therefore, since they 
agree on a generating set for A, it follows that dy (t) = [Y, $(x)] holds for any x G A. 
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Now the Leibniz rule d[x, y] = [dx, y] + (— [x, dy], together with |Y| = — 1 , gives 
{d^ ® 1 ) o avis) = [{d^ ® 1 )Y, <l(s)] - [Y, {d^ ® l)l>(s)] 

= [Y 2 ,I>(s)] - [Y, (a™® l)l>(s)]. 

Similarly, we eompute that 

arid's) = [Y,l>(a's)] 

= [Y, (a”^®l)<l(s)]-[Y, 5 y(s)] 

= [Y, ® l)<l(s)] - [Y, [Y,|)(s)]] 

and we ean verify either direetly or using the graded Jaeobi identity that the last term on the right is 
equal to [Y^, $(5)]. Thus, (d^ ® 1 ) o ( 5 y(s) = —dyids) holds as desired. □ 

Proposition 3.26. The above comes with a m-component link grading given by (r x c)(a)f) = 
(r X c)ix''l) = (r X c)iy]^) = (i, j) and (r x c)(t^) = ii,i). Given I : [m] ^ [n], we define 
hjis''^) = Phis gives the structure of a consistent sequence ofDGAs. 


Proof. By inspeetion. The faet that the above formula gives a link grading follows beeause the 
differential was defined by a matrix formula in the first plaee. Also, the matrix formulas are identieal 
for all m > 1 , so the identifieation of generators extends to a DGA isomorphism 9 ™) —)■ 

iAf\d^). □ 


Remark 3.27. The link grading defined in Proposition 3.26 is unrelated to the initial weak link 
grading on A that was used in Proposition 3.25 in defining differentials on the A^'^\ In partieular, 
for = A the two gradings are distinet if the initial weak link grading has / > 1. 


Proposition 3.28. Let Abe a DGA with weak link grading, and 4.^*^ the consistent sequence from 
Proposition 3 . 25 . Then the A^o category AugyiA^*^) is strictly unital, with the unit being given by 


for any e G Aug^iA^''^). 


ee = 



G Hom+(e, e) 


Proof. We recall the properties of a strict unit element: we must show that mi(ee) = 0 , that 
m2(ee^, a) = 1712(0, e^f) = a for any a G Hom+(ei, 62), and that all higher compositions involving 
vanish. 

Inspection of the formula for d^ : —?■ A^'^^ yields 


d^xl^) 


12 „22 _ /-.Uafel 11 12 j_ 

yr{aP)^k I yc{ap) ' 


it^k)-^yllt,)tt 

0, 


22 


dcitk) 


and so if we write d(e,e) for the differential (j)(e,€)°do on , then for 1 < A; < r the coefficient 
of in —miCe is 


M 


M 


(mi ^(?/ 


] > 


ikY) = = (yY+Y/c)’YAY) = e(ak)-(-Y^'e(ak) = 0 . 


i=i 


i=i 
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(In the final equality, we used the faet that e(afc) = 0 unless \ak\ = 0.) A similar eomputation shows 
that (mi yfY) = 0, and (mi Y.f=ii.yfy^ iv^y) = 0 holds sinee dyf = 0. Thus 

mi(ej = 0. 

The formula for —)■ yields 


dHaiy 

d^xiy 


,,,12 ^23 / 1 Hafcl 12 23 i 

yr(k)^k \ yc{k) ' 


(.lU-l 12 ,22 23 

) yr{k)^k Xk 


-A _ 

Xk yc{k) ”1” 


d^yiy 


y^yf- 


Using (3.1), we ealeulate that 

m2fe. (oF)") = = «)" 

and similarly m 2 ((a^^)^, Ce) = {aYy ■ In the same manner, we find that m 2 (e^, (x^Y) = m 2 ((xYYAe) 
(x^^)^ andm 2 (ee, = (i/^^)^; note that for m 2 ((x^^)^, ej = (x^^)^, we have G Hom+(e,e) 

and x^ G Hom+(e, e') for some e, e', and the eorresponding diagonal augmentation (e, e, e') of 
sends both and to e(ffc). 

Finally, all higher order eompositions involving vanish for the following reason: in any differ¬ 
ential of a generator in any of the the appear only in words that have degree at most 2 in 
the non-f generators. □ 

Proposition 3.29. Let f : {A, d) — F {B, d) be a DGA morphism between algebras with weak 
link gradings (with the same number of components), which respects the weak link gradings in the 
sense of (2) from Definition 3.19. Then f extends, in a canonical way, to a consistent sequence of 
morphisms 

Jim) . {B^^\ d^) 

inducing a unital A^o morphism of categories AugY^^*'^) AugY-^^*'*)- This construction de¬ 

fines a functor, i.e. it preserves identity morphisms and compositions. 

Proof. Given / : {A,d) —F {B,d) we produee morphisms m > 1, by requiring that the 
following matrix formulas hold (again applying entry-by-entry): 

Y"^\Ak) = Ak, y^\Yk) = Yk, 

and when x G .4. is a generator, 

(3.8) Y^^o<!>^(x) = <!>Bof{x). 

(Note that taking x = tk uniquely speeifies f^'^\Xk) = A^ ■ o f{tk).) This eharaeterizes the 
value of fA^'> on generators, and we extend as an algebra homomorphism. Equation (3.8) then 
holds for all x G 4., as the morphisms on both sides are algebra homomorphisms. 

Next, note that the ($, $)-derivation ay '■ A —)■ Mat(m, 4,*^’"^) satisfies 

aY(w) = Yi ^w) - (-l)l^l<l)(w;) Yj 
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for any composable word in A from i to j. This is verified by indueting on the length of te: if 
w = a ■ b with a eomposable from i to k and b eomposable from kto j, then 

aviab) = ay(a) <h(6) + (—l)l“l<h(a) ay(fo) 

= (F, $(a) - n)$(6) + (-l)H$(a)(y, <h(a) - (-l)l'l$(a) Yj) 

Beeause / respeets the link gradings, if t G is a generator of A then f{x) is a Z-linear eombi- 
nation of composable words from i to j in B, so we have 

/M oay(a;) = 

^3 ° $a)(^) - o $^)(a;) y,- 

= F, o f){x) - o f){x) Y, 

= Oy o f{x). 

To verify that is a DGA map, we need to verify that holds when applied 

to any generator of A^'^\ For the entries of A or F, this is immediate. For the remaining generators, 
it suffices to compute using ( 3 . 8 ) and ( 3 . 9 ) that for x G 5 , 

/(™) od^o $(x) = O $ O d{x) + O ay(x) 

= <h O / O d{x) + Gy O /(x) 

= <h o 0 o /(x) + ay o /(x) 

= 0™ O $ O /(x) — ay O /(x) + ay o /(x) 

= a"* oo <h(x). 

The consistency of the follows since the matrix formulas used for different m all appear identi¬ 
cal; we get a morphism of Aoo categories by Proposition 3.20. The construction preserves identities 
by inspection. 

That the construction of this Proposition defines a functor is clear from the definitions combined 
with the functoriality of the construction in Proposition 3.20. □ 
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4 . The augmentation category of a Legendrian link 

In this section, we apply the machinery from Section 3 to define a new category Aug+{K) whose 
objects are augmentations of a Legendrian knot or link A in As mentioned in the Introduction, 
this category is similar to, but in some respects crucially different from, the augmentation category 
constructed by Bourgeois and Chantraine in [BC14], which we write as Aug_{K). Our approach in 
fact allows us to treat the two categories as two versions of a single construction, and to investigate 
the relationship between them. 

We begin in Section 4.1 by considering the link consisting of m parallel copies of A for m > 1, 
differing from each other by translation in the Reeb direction, and numbered sequentially. In the 
language of Section 3, the DGAs for these m-copy links form a consistent sequence of DGAs, and 
we can dualize, using Proposition 3.17, to obtain an Aoo category: Aug+ if the components are 
ordered from top to bottom, and Aug- if from bottom to top. 

Associating a DGA to the m-copy of A requires a choice of perturbation; the construction of 
Aug- is independent of this perturbation, but Aug+ is not. For the purposes of defining Aug+, we 
consider two explicit perturbations, the Lagrangian and the front projection m-copies. In Section 4.2, 
we show that the A^o category associated to the Lagrangian perturbation is constructed algebraically 
from the DGA of A using Proposition 3.25, and conclude that Aug+ is unital. 

In Section 4.3, we then proceed to prove invariance of Aug+ under choice of perturbation and 
Legendrian isotopy of A. In Section 4.4, we present computations of Aug+ and Aug- for some 
examples. 

4.1. Definition of the augmentation category. 

We recall our contact conventions. For a manifold M, we denote the first jet space by J^{M) = 
T*M X the subscript indicating that we use 2 ; as the coordinate in the M direction. We choose 
the contact form — A on where A is the Liouville 1-form on T*M (e.g. A = y dx on 

T*M = M^). With these conventions, the Reeb vector field is d/dz. 

Definition 4.1. Let A c J^{M) be a Legendrian. For m > 1, the m-copy of A, denoted A”*, is the 
disjoint union of m parallel copies of A, separated by small translations in the Reeb (z) direction. 
We label the m parallel copies Ai,. .., Am from top (highest 2 ; coordinate) to bottom (lowest 2 ; 
coordinate). 

Strictly speaking, the m-copy defined above is unsuitable for Legendrian contact homology, as 
the space of Reeb chords is positive dimensional. A suitable choice of perturbation must be made. 
A standard method for perturbing a Legendrian is to work within a Weinstein tubular neighborhood 
of A, contactomorphic to a neighborhood of the 0-section in J^(A). One then chooses a G^-small 
function / : A —>■ M, and replaces A with the 1-jet of /. This leads to what we will call the 
Lagrangian projection m-copy. 

We now specialize to the case of a 1-dimensional Legendrian A C J^(M). Here we use x and 
y for the coordinates on the original M and in the cotangent direction, respectively. In this case, 
there is another perturbation^ method which is useful. While the Reeb chords are more visible in 
the Lagrangian (xy) projection, it is often more convenient to work with the front (xz) projection; 

^Strictly speaking the resolution construction does not produce a perturbation of the original Legendrian, although 
we occasionally make this abuse in our terminology. 
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moreover, the sheaf category of [STZ14] has to do with the front projection. Recall from Section 2.2 
that the resolution procedure [Ng03] gives a Legendrian isotopic link whose Reeb chords (crossings 
in the xy diagram) are in one-to-one correspondence with the crossings and right cusps of the front. 




Figure 4.1. The Legendrian trefoil, in the front (left) and xy (right) projections, 
with Reeb chords labeled (and a correspondence chosen between left and right cusps 
in the front projection). 


Here are our two perturbation schemes in more detail: 

• “Front projection m-copy.” Beginning with a front projection for A, take m copies of this 
front, separated by small translations in the Reeb direction, and labeled 1,..., m from top 
to bottom; then resolve to get an xy projection, or equivalently use the formulation for the 
DGA for fronts from [Ng03]. Typically, we denote this version of the m-copy as A^. 




Figure 4.2. The xy projection of A™ pictured near local maxima (left) and local 
minima (right) of /. The shaded quadrants of the indicate negative orientation 
signs. Note that in intervals bordered on the left by a local minimum of / and on 
the right by a local maximum of / the components appear from top to bottom (with 
respect to the oriented normal to A) in order Ai,..., A^, and in remaining intervals 
the top to bottom ordering is A^,..., Ai. 


• “Lagrangian projection m-copy.” Beginning with an xy projection for A (which e.g. can 
be obtained by resolving a front projection), take m copies separated by small translations 
in the Reeb {z) direction. Let / : A —)■ M be a Morse function whose critical points are 
distinct from the crossing points of the xi/-projection. Use this function to perturb the copies 
in the normal direction to the knot in the xy plane. Away from critical points of /, the result 
appears as m parallel copies of the xy projection of A with the blackboard framing, while 
the xy projection remains m-to-1 at critical points of /. Finally, perturb the projection near 
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critical points of / so that a left-handed (resp. right-handed) half twist appears as in Figure 
4.2 when passing loeal minima (resp. loeal maxima) of / aeeording to the orientation of A. 
We denote this perturbed m-eopy as A™. 

An example of this eonstruction where / has only two eritieal points, with the loeal mini¬ 
mum plaeed just to the right of the loeal maximum appears, in Figure 4.4. Here, the two half 
twists fit together to form what is eommonly ealled a “dip” in the T|/-projeetion, ef. [Sab05]. 

Assoeiating a Legendrian eontact homology DGA to the perturbed m-eopy A™ or A™ requires 
a further ehoiee of Maslov potentials to determine the grading, as well as a ehoiee of orientation 
signs and base points. Suppose that a ehoiee of Maslov potential, orientation signs, and base points 
has been made for A itself. As usual, we require that eaeh eomponent of A eontains at least one 
base point, and we further assume that the loeations of base points are distinet from loeal maxima 
and minima of /. Then, we equip eaeh of the parallel eomponents of A^ and A™ with the identieal 
Maslov potential, and plaee base points on eaeh of the eopies of A in A™ or A™ in the same loeations 
as the base points of A. Finally, we assign orientation signs as follows. Any even-degree erossing of 
A™ eorresponds to an even-degree erossing of A (the erossings that appear near eusps all have odd 
degree): we assign orientation signs to agree with the orientation signs of A. A similar assignment 
of orientation signs to A™ is made, with the following addition for the erossings of TixpiA^) that 
are ereated near eritieal points of / during the perturbation proeess, whieh do not eorrespond to 
any erossing of 7ixy{A): only the erossings near loeal maxima of / have even degree, and they are 
assigned orientation signs as pietured in Figure 4.2. 

Proposition 4.2. Given a Legendrian A C J^(M), the following collections of DGAs underlie con¬ 
sistent sequences: 

• The ‘frontprojection m-copy” algebras {A{Aff),d). 

• The “Lagrangian projection m-copy” algebras (.4,(A™), d),for a fixed Morse function /. 

Proof The data of a eonsistent sequenee is an m-eomponent link grading on the m-th algebra, plus 
the strueture of a oo-A+ set on the generators. Writing Sm for the generators, i.e. Reeb ehords and 
base points, of A™, the data of the link grading is assoeiated to the deeomposition A™ = AiU- ■ -UAm 
as diseussed in Seetion 2.2.3. That is, the map r x c : —)■ {1, ■ ■ ■, m} x {1,..., m} sends a base 

point on the Ath eopy to (z, i), and a Reeb ehord that ends on the Ath eopy and begins on the j-th 
copy to (i, j). In both of the m-eopy eonstruetions above, the Lagrangian projeetion of the link 
resulting from removing any n — m pieces of A" looks identieal to A"^; this gives the eo-A+ set 
strueture, and makes the desired isomorphisms obviously hold. □ 

Definition 4.3. We write Aug+{Af,T) for the Ago-category that is assoeiated by Definition 3.16 
to the sequenee of m-eopy DGAs (Al(A*),c)). Likewise we write Aug+{Axz,T) for the eategory 
assoeiated to (A,(A*^), d). 

Remark 4.4 (grading). If r(A) denotes the gcd of the rotation numbers of the eomponents of A, 
then reeall from Seetion 2.2 that the DGA for A is graded over Z/2r. Later in this paper, when 
we prove the equivalenee of augmentation and sheaf eategories, we will assume that r(A) = 0 
and thus that the DGA is Z-graded. For the purposes of eonstructing the augmentation eategory, 
however, r(A) ean be arbitrary; note then that augmentations e must satisfy the eondition e(aj) = 0 
for Oj ^ 0 mod 2r. Indeed, we ean further relax the grading on the DGA and on augmentations to a 
Z/m grading where m | 2r, as long as either m is even or we work over a ring with —1 = 1, ef. the 
first paragraph of Seetion 3.1. 
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In Proposition 4.14, we will show the sequenee (^(A^), d) arises by applying the eonstruetion 
of Proposition 3.25 to A{Af), and deduce that Aug+{Af,T) is unital. In Theorem 4.20, we will 
show that, up to A^o equivalence, the category Aug+{Af, r) does not depend on the choice of /, and 
moreover is invariant under Legendrian isotopy. In addition, if A is assumed to be in plat position, 
Aug+{Af,T) and Aug+{Axz,T!^) are shown to be equivalent. Thus we will usually suppress the 
perturbation method from notation and denote any of these categories simply by Aug+{A, r), which 
we call the positive augmentation category of A (with coefficients in r). 

The category Aug^{A, r) is summarized in the following: 

• The objects are augmentations e : ^(A) —)■ r. 

• The morphisms are 

Hom+(61,62) := 

the r-module generated by Reeb chords that end on Ai and begin on A 2 in the 2-copy A^. 

• For k > 1 , the composition map 

mfc : Hom+( 6 fc, 6 ^+ 1 ) 0 • • • ® Hom+( 6 i, 62 ) Hom+( 6 i, 6 ^+ 1 ) 

is defined to be the map ruk ■ C'^^k+i ® • • • 0 <^ 1^2 ^i,k+i given by the diagonal augmen¬ 
tation 6 = ( 61 ,..., 6 fc+i) on the {k + l)-copy A*'+^. (Note that in the Legendrian literature, 
diagonal augmentations are often called “pure.”) 

Here, one of the allowed perturbation methods, as in Sections 4.2.1 and 4.2.2, must be used when 
producing the DGAs of the m-copies A'". 

Remark 4.5. In principle, the augmentation category may be defined in an entirely analogous man¬ 
ner for any Legendrian submanifold A of a 1-jet space J^(M). However, one needs to address the 
issue of producing a consistent sequence of DGAs via appropriate perturbations of the m-copies (or 
show how to work around this point). In the present article, we do not address either this issue or 
the invariance of the augmentation category in settings other than J^(M). 

Before turning to a more concrete description of the m-copy algebras (.4,(A^), d) and (Al(A™), d) 
underlying the definition of Augj^ (A^.^, r) and Aug+ (A j, r), we consider the corresponding negative 
augmentation category. 

Definition 4.6. Given a Legendrian submanifold A C (M) and a coefficient ring r, we define 
the negative augmentation category to be the A^o category Aug_{A, r) obtained by applying Defi¬ 
nition 3.21 to any of the consistent sequences of DGAs introduced in Proposition 4.2. 

The category Aug_ (A, r) is summarized as follows: 

• The objects are augmentations e : Al(A) —r. 

• The morphisms are 

Horn.( 62 , 61 ) := 

the vector space generated by Reeb chords that end on A 2 and begin on Ai in the 2-copy A^. 

• For k > 1 , the composition map 

iTik : Hom_(62,6i) 0 Hom_(63,62 ) 0 • • • 0 Hom_(6fc+i,6fc) -)■ Hom_(6fc+i, 61) 

is defined to be the map ruk : C 21 0 • • • 0 G^+i ^ —)■ G^+i 1 given by the pure augmentation 
6 = ( 61 ,..., 6 fc+i) on the {k -f l)-copy A*^+^. 
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The key distinetion between augmentation categories Aug+ and Aug- is that Aug- does not 
depend on the choice of perturbation. This is because the short Reeb chords introduced in the 
perturbation belong to for i < j but not for i > j. Note that is always a space of horns from 
Cj to ej, but is Horn.,, if i < j and Hom_ if i > j. One might ask about C^; one can show this to be 
the same as Hom_(ej, Cj). 

The negative augmentation category Aug-{A,T) is not new: it was defined by Bourgeois and 
Chantraine [BC14] in the case when r is a field (though their construction works equally well for an 
arbitrary commutative ring), and was the principal inspiration and motivation for our definition of 

Aug+{A,Ti:). 

Proposition 4.7. The category Aug- (A, r) is the augmentation category of Bourgeois and Chantraine 
[BC14]. 

Proof. This is proven in Theorem 3.2 of [BC14] and the discussion surrounding it. There it is shown 
that the DGA for the n-copy of A, quotiented out by short Reeb chords corresponding to critical 
points of the perturbing Morse function, produces the A^o operation m„_i on their augmentation 
category. In our formulation for the Lagrangian projection m-copy in Section 4.2.2, the critical 
points of the perturbing Morse function are of the form with z < j. It follows the short Reeb 

chords do not contribute in our definition of Aug-{A, r), and thence that our definition agrees with 
Bourgeois-Chantraine’s. □ 

Remark 4.8. Our sign conventions for Aug- differ from the conventions of Bourgeois and Chantraine, 
because of differing sign conventions for A^o operations. See the discussion at the beginning of Sec¬ 
tion 2.3. 

Remark 4.9. To follow up on the previous discussion of short chords, the absence of short chords 
in when i > j allows one to describe Aug-{A) algebraically from (Al(A), 0) in a manner that 
is more direct than for Aug+{A), as the extra data of a perturbing function / is unnecessary. In fact, 
Bourgeois-Chantraine’s original definition of Aug- is purely algebraic. 

Remark 4.10. Our choice of symbols + and — has to do with the interpretation that, for augmenta¬ 
tions which come from fillings, the first corresponds to computing positively infinitesimally wrapped 
Floer homology, and the second to computing negatively infinitesimally wrapped Floer homology. 
See Section 8. 

Remark 4.11. Bourgeois and Chantraine prove invariance of Aug- in [BC14]. One can give an 
alternate proof using the techniques of the present paper, using the invariance of Aug+ (Theo¬ 
rem 4.20), the existence of a morphism from Aug- to Aug+ (Proposition 5.1) and the exact sequence 
relating the two (Proposition 5.2), and the fact that isomorphism in Augj^ implies isomorphism in 
Aug- (Proposition 5.11). We omit the details here. 


4.2. DGAs for the perturbations and unitality of Augj^. 

We now turn to an explicit description of the DGAs for the m-copy of A, in terms of the two 
perturbations introduced in Section 4.1. The front projection m-copy A™ is useful for computations 
(cf. Section 4.4.3), while the Lagrangian projection m-copy A™ leads immediately to a proof that 
Aug+{Af, r) is unital. 
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Figure 4.3. Reeb chords for the double of the Legendrian trefoil, in the front projeetion. 
4.2.1. Front projection m-copy. 

For the front projeetion m-eopy, we adopt matehing notation for the Reeb ehords of A and A™. 
Label the crossings of A by oi,..., Op and the right cusps of A by ci,..., Cg, and choose a pairing 
of right cusps of A with left eusps of A. See the left side of Figure 4.1 for an illustration. Then 
each crossing in the front for A gives rise to m? crossings in A^, where E note that 
the overstrand (more negatively sloped strand) at belongs to component i, while the understrand 
(more positively sloped strand) belongs to component j. Eaeh right cusp Ck for A similarly gives 
rise to crossings and right cusps in A™, where E 

• dj is the cusp Ck in copy A*; 

• for z > j, cl is the erossing between eomponents A* and A^ by the right eusp c^; 

• for i < j, cl is the crossing between components A* and Aj by the left cusp paired with the 
right cusp Ck- 

See Figure 4.3. 


4.2.2. Lagrangian projection m-copy. 

Label the crossings in the xy projeetion of A by ai,..., a^, and suppose that / : A —)■ M is a Morse 
function with M local maxima and M local minima, enumerated so that the fc-th loeal minimum 
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Figure 4.4. The 3-copy of the Legendrian trefoil, in the xy projection. Insets, with 
crossings labeled and positive quadrants marked with dots: a neighborhood of the 
crossing labeled 05 in Figure 4.1, and the dip. The x crossings in the dip correspond 
to the maximum of the Morse function on S^, and the y crossings to the minimum. 


follows the fc-th maximum of / with respect to the orientation of A. Then the xy projection of A 
has + Mmirn — 1) crossings, which we can label as follows: 

• Ofc , 1 < *, j < iTi, between components Aj and Aj by crossing a^; 

• 1 < i < j < m, between components Aj and Aj by the kth maximum of /; 

• y^i < i < j < rn, between components Aj and Aj by the kih. minimum of /. 
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Here the superseripts are ehosen so that G i.e. upper strand belongs to A* and the 

lower strand belongs to Kj. Sinee the m-eopies are separated by a very small distanee in the z 
direetion, the length of the Reeb ehords x'j !, is mueh smaller than the length of the Reeb ehords 
a^, and as a eonsequenee we eall the former ehords “short ehords” and the latter ehords “long 
ehords.” 

Both maxima and minima of / give rise to Reeb ehords of A^, but it will turn out that in faet 
moving the loeal minima while leaving the loeations of loeal maxima fixed does not ehange the 
differential of A{K^). For this reason, we plaee base points *i,..., on A at the loeal maxima 
of /, and let A{A^f) denote the DGA whieh has invertible generators ..., assoeiated to eaeh 

of the base points. For eaeh one of these base points, we plaee base points on all of the m-eopies 
of A™ preeeding the eorresponding half twist as pietured in Figure 4.2. We label the eorresponding 
invertible generators of A{Kj) as for 1 < fc < M and 1 < z < m, with k speeifying by the 

eorresponding base point of A/ and i speeifying the eopy of A where the base point appears. 

Note that the generators of ^(A™) are related to the generators of A{Af) as in the eonstruetion of 
Proposition 3.25. In faet, with respeet to a suitable weak link grading, the differentials will eoineide 
as well. 

Definition 4.12. Removing all base points of A j leaves a union of open intervals A\{*i,...,*m} = 
where we index the Ui so that the initial endpoint of Ui (with respeet to the orientation of A) 
is at *i. Define (r x c) : 5 { 1 ,..., m} so that (r x c){ai) = (z, j) for a Reeb ehord whose upper 

endpoint is on Ui and whose lower endpoint is on Uj, and (r x c){ti) = (z, j) if the eomponent of 
A \ {* 1 ,..., *m} preeeding (resp. following) *i is Ui (resp. Uj). We eall r x c the internal grading 
of A/. 

Proposition 4.13. The internal grading is a weak link grading for Al(A /). 

Proof. We need to eheek that if (r xc){ai) = then dai is a Z-linear eombination of composable 
words in Al(A/) from z to j. This is verified by following along the boundaries of the disks used to 
define dai. □ 


We now give a purely algebraie deseription of the DGA of the m-eopy Af in terms of the DGA 
A{Af) of a single eopy of /, as presaged by Proposition 3.25. We note that the algebraie eontent 
given here is probably well-known to experts, and is in particular strongly reminiscent of construc¬ 
tions in [BEE12] (see e.g. [BEE12, Section 7.2]). 

Proposition 4.14. The DGA A{A'J') arises by applying the construction of Proposition 3.25 to 
A{Af) equipped with its initial grading. More explicitly, A^Af) is generated by: 

• invertible generators 1 < i < m, 1 < k < M; 

• flfc. 1 < z, j < m, 1 < A; < r, with \al \ = \ak\; 

• x'’^, l<i<j<m,l<k<M, with = 0; 

• l/fc , l<z<j<m, 1 <A:<M, with \y'‘^\ = —1. 
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The dijferential of can be described as follows. Assemble the generators ofA(A^) into 

m X m matrices Ai ,..., Xi,..., Xm, • • • Xm, Ai, ..., Am, with Ak = ), 



T 

,^12 . 

™ln- 

■ -^k 


"0 

2/f ■ 

■ 2/^' 

Xfc = 

0 

1 ■ 

■ -^k 

, Yk = 

0 

0 ■ 

■ 2/f 


0 

0 ■ 

■ 1 . 


0 

0 ■ 

■ 0 . 


and Afc = Diag(t^,..., t™). 

Then, applying to matrices entry-by-entry, we have 

d^{Ak) = ^{d{ak)) + 
d^{Xu) = A-V,(i,)AfcXfc - 

d^{Y,) = Yl 

where $ : ,4,(A) —)■ Mat(m,^(A™)) is the ring homomorphism determined by $(afc) = Ak, 
$(4) = AfcXfc, and 

Remark 4.15. Note that by this result (or by geometrie eonsiderations), short Reeb ehords form a 
sub-DGA of^(A”^). 

Proof The Reeb ehords of A™ are as deseribed previously. (See Figure 4.4 for an illus¬ 

tration for the trefoil from Figure 4.1, where there is a single base point in the loop to the right of 04 
and the knot is oriented eloekwise around this loop.) It is straightforward to ealeulate their gradings 
as explained in Seetion 2.2. 

To assoeiate signs to disks that determine the differential of A{XJ'), we use the ehoiee of orien¬ 
tation signs given above Proposition 4.2. The sign of a disk is then determined by the number of its 
eomers that oeeupy quadrants with negative orientation signs. At eaeh even-degree generator, two 
quadrants, as in Figure 2.1, are assumed to have been ehosen for A to ealeulate the differential on 
.4,(A). For even-degree generators of A™, we have assigned the loeation of quadrants with negative 
orientation signs as follows: for a^, we take the quadrants that eorrespond to the quadrants eho¬ 
sen for Ok', for we take the quadrants to the right of A^ as we follow the orientation of A^ (in 
Figure 4.2, these are the bottom two quadrants at eaeh 

We next identify disks that eontribute to the differential on A{XJ'). These disks eonsist of two 
types, “thiek” and “thin”: thiek disks limit to disks for .4.(A) in the limit that the m eopies of A'" 
approaeh eaeh other, while thin disks limit to eurves along A following the negative gradient flow 
for the Morse funetion /. 

Sinee the height of Reeb ehords induees a filtration on A{X^), the form a differential sub¬ 

algebra and the differentials of these generators only involve thin disks. An inspeetion of Figure 4.2 
shows that the only disks eontributing to d{y'f) (i.e., with positive quadrant at y'f and negative quad¬ 
rants at all other eorners) are triangles that remain within the half twist, with two negative eorners 
at y]^, yl^ for some i < i < j. (See also the right-hand inset in Figure 4.4 where positive quadrants 
at erossings are deeorated with dots.) The disks eontributing to whieh have a positive eorner 

at x^l, are of four types, as follows. There are bigons with negative eorner at y^f, and triangles with 
negative eomers at x]^, yj^; both of these types of disks follow A from *k to the loeal minimum of / 
that follows *k. In addition, there are bigons and triangles that follow the A from *k to the preeeding 
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local minimum (which has the same enumeration as *c( 4 )); the bigons have negative eomer at y'c{tj,y 
and the triangles have negative eorners at follows that the differentials for are as 

in the statement of the proposition. 

The disks for d^{al) eome in two types, thiek and thin. The thiek disks are in many-to-one 
eorrespondenee to the disks for d{ak). The negative eorners of a disk for d'^{al) eorrespond to 
the negative eorners of a disk for d{ak), with one exeeption: where the boundary of the disk passes 
through a maximum of the Morse funetion, there ean be one negative eorner at an x (if the boundary 
of the disk agrees with the orientation of A there) or some number of negative eorners at x ’s (if 
it disagrees). More precisely, if the boundary of a disk for A™ lies on Aj before passing the loea- 
tion of *k and lies on Aj afterwards, then the possible produets arising from negative eorners and 
base points eneountered when passing through the half twist are tWk if the orientations agree and 
(—x^’*^)(—• • • (—T^'’'^)(f;^)“^ for i < < • • • < < j when the orientations disagree. The 
(i, j) entries of <h(ffc) = and *h(f^^) = are respeetively 

tixif and 

SO we see that the eontribution of thiek disks to d™'{Ak) is preeisely the term $(0(0^)). (An alternate 
diseussion of thiek disks in a related setting may be found in Theorem 4.16 of [NR 13]. There, the 
appropriateness of the matriees <h(tfc) and ^) is established in a slightly more systematie manner 
using properties of the “path matrix” proven by Kalman in [Kal06].) 

The thin disks eontributing to da^ have a positive eomer at and two negative eorners, one at 
a y and the other in the same region; in the limit as the eopies approaeh eaeh other, these disks 
limit to paths from the to a loeal minimum of / that avoid loeal maxima. When following A 
along the upper strand (resp. lower strand) of in this manner, we reaeh the loeal minimum that 
follows *r(afc) (fcsp. *c(afe))- The two eorrespoudiug disks have their negative eorners at 

and a*/, y^la^^)- This leads to the remaining Yr(ak)Ak and A^Yc^a^) terms in dA^. It is straightforward 
to verify that the signs are as given in the statement of the proposition. □ 

Corollary 4.16. The augmentation category Augj^{Af, r) is strictly unital. 

Proof. Follows from Propositions 4.14 and 3.28. □ 

Corollary 4.17. The (usual) category H*Aug+(A.iJ:) is unital. In particular, iF*Hom+(e,e) is a 
unital ring for any augmentation e. 

Remark 4.18. We will show in Proposition 4.23 that Aug+{Axz, if) — Aug+(Af, r) in Proposition 
4.23, whenee Aug+{Axz, t) is strietly unital as well. Alternatively, it is straightforward to ealeulate 
direetly that the units in the eategories Aug+{Axz, t) are given by — where the sum is over 

all Reeb ehords in Tl^‘^{Al^) loeated near left cusps of A. See also the proof of Proposition 4.23 and 
the example in 4.4.3. 

Remark 4.19. In faet. Corollary 4.16 holds in arbitrary 1-jet spaces J^(M) as well. One ean gener¬ 
alize the Lagrangian projection m-copy for A C (M) by choosing a Morse function / on A with a 
unique loeal minimum, and using / to perturb the Lagrangian projection of the m-eopy A™ in T*M. 
As in J^(]R), the minimum of / eorresponds to a cyele y'^ in Hom°(e, e) for any augmentation e, and 
Hr 2 (— a) = m 2 (a, —y'^) = a for any a. 
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We note by eontrast that Proposition 4.14 does not hold in higher dimensions. Some rigid holo- 
morphie disks eontributing to the differential in ^(A™) still eorrespond to rigid disks for A, but in 
general there are other rigid disks for A™ that eorrespond to disks for A in some positive-dimensional 
moduli spaee (and thus not eounted by the differential in ^(A)) and are rigidified by eonstraints in¬ 
volving passing through eritieal points of /. 


4.3. Invariance. 

We now show that up to A^o equivalenee, our various eonstruetions of Aug+, Aug+{Af, r) and 
Aug+{Axz, t), are independent of ehoiees and Legendrian isotopy. We will suppress the eoeffieient 
ring r from the notation. 

Theorem 4.20. Up to A^o equivalence, Aug+{Af) does not depend on the choice of f. Moreover, if 
A and A' are Legendrian isotopic, then Augj^{Af) and Aug+{A'j,) are A^a equivalent. In addition, 
if A is in plat position, then Augj^{Af) and Aug^i^A^z) are A^o equivalent. 

The proof of Theorem 4.20 is earried out in the following steps. First, we show in Proposition 4.21 
that the eategories defined using / : A —)■ M with a single loeal maximum on eaeh eomponent are 
invariant (up to A^ equivalenee) under Legendrian isotopy. In Propositions 4.22 and 4.23 we show 
that for fixed A the eategories Aug+ (A/) are independent of / and, assuming A is in plat position, are 
Aoo equivalent to Aug+{Az;z). In proving Propositions 4.21-4.23, we eontinue to assume that base 
points are plaeed on the A™ near loeal maxima of / as indieated in Seetion 4.2.2. This assumption is 
removed in Proposition 4.24 where we show that both of the eategories Aug+{Af) and Aug+{Az:z) 
are independent of the ehoiee of base points on A. 

Proposition 4.21. Let Aq, Ai C be Legendrian isotopic, and for i = 1,2 let fi ■. Ai ^ ^be a 

Morse function with a single local maximum on each component. Then the augmentation categories 
AIm5'+((Ao) /o) and Aug+fAi) j-J are A^o equivalent. 

Proof. Suppose that the links Aj have eomponents A* = and that there is a Legendrian 

isotopy from Aq to Ai that takes Aqj to Aij for all 1 < j < c. Then eaeh DGA (.4,(Ai),c)) 
fits into the setting of Proposition 3.25 with weak link grading given by the internal grading on 
Aj. (The generator tj eorresponds to the unique base point on the jth eomponent.) Moreover, by 
Proposition 4.14 the augmentation eategory Aug+fAf) f-) agrees with the eategory Aug+{A{Ai)) 
that is eonstrueted as a eonsequenee of Proposition 3.25. 

Aeeording to Proposition 2.6, after stabilizing both .4,(Ao) and .4,(Ai) some (possibly different) 
number of times, they beeome isomorphie by a DGA map that takes tj to tj and generators to linear 
eombinations of eomposable words, i.e. it satisfies the hypothesis of the map / from Proposition 
3.29. The eonstruetion from Proposition 3.29 then shows that the A^o eategories assoeiated to these 
stabilized DGAs are isomorphie. Thus it suffiees to show that if (S'(.4,), d') is an algebraie stabiliza¬ 
tion of {A, d), then Aug+{S{A)) and Aug+{A) are A^o equivalent. 

Reeall that S'(Al) has the same generators as A but with two additional generators a^+i, ar+ 2 , and 
d' is defined so that {A,d) is a sub-DGA and d'{ar+i) = ar+ 2 , d'{ar+ 2 ) = 0. The Aoo-funetor 
Aug+{S{A)) — Aug+{A) indueed by the inelusion i : A ^ *S'(Al) is surjeetive on objeets. (Any 
augmentation of A extends to an augmentation of S'(.4.) by sending the two new generators to 0.) 


AUGMENTATIONS ARE SHEAVES 


43 




Figure 4.5. Locations of the local maxima of /o (left) and fi (right). 

Moreover, for any ei, 62 G Aug+{S{A)) the map 

Hom+(rei,re2) -)■ Hom+(ei,e2) 

is simply the projection with kernel spanned by {(a^^^)^, ( 0 ^+ 2 )^}- This is a quasi-isomorphism 
since, independent of ei and 62 , rni(a^^ 2 )^ = (®r+i)^- Thus the corresponding eohomology functor 
is indeed an equivalenee. □ 


Proposition 4.22. For fixed A G J^(M), the A^o category Aug+{Kf) is independent of the choice of 

/• 

Proof In Proposition 4.14 the DGAs A{Kj) are eomputed based on the location of base points 
placed at loeal maxima of /. To simplify notation, we suppose that A has a single component; a 
similar argument applies in the multi-component case. 

Fix a Morse funetion /q with a single loeal maximum at *, and begin by eonsidering the case of 
a second Morse funetion /i that has local maxima located at base points *i... that appear, in 
this order, on a small are that contains * and is disjoint from all crossings of ^^.^(A). See Figure 4.5. 
Then there is a eonsistent sequenee of DGA morphisms 

f""^ {A(hl),d) 

determined uniquely on generators by the matrix formulas 

/(™)(F) = Ym 

/(™)(AX) = (AiXi)(A2 X2 ) ■ ■ ■ (AmXm) 
f<^^\Ak) = Ak, l<k<r. 

Note that eonsidering the diagonal entries of shows that /’^^^(A) = A 1 A 2 • ■ ■ Am- In particu¬ 
lar, = ti ■ ■ ■ tM- The eonsistency of the sequenee follows as usual from the uniformity of the 

matrix formulas. 

We eheek that the extension of f^'^^ as an algebra homomorphism is a DGA map. Note that for 
a Reeb chord a* of A, the only differenee between the differential dui in AI(A/q) and Al(A/J is 
that words associated to holomorphie disks have all occurrences of t replaced with ti - ■ -tm- When 
comparing dA^ in Mat(m, Al(A^)) and Mat(m, Al(A^)), this results in all oeeurrences of AA 
being replaeed with (AiAi)(A 2 A 2 ) ■ ■ ■ (AmAm). Moreover, the (—term becomes 

YmA/c — (—l)l“'=lAfcYM since when approaching the arc containing the base points * 1 ,..., *m in a 
manner that is opposite to the orientation of A, it is always *m that is reached first. Together, these 
observations show that 


df^^\Ak) = f^^d{Ak). 
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That is a immediate direct calculation. Finally, note that using the Leibniz 

rule 

df^^\AX) = d[{A,X,)iA2X2) ■ ■ ■ (AmXm)] 

= [5(AiXi)](A2X2) ■ ■ ■ {AmXm) + (AiXi)[c}(A 2 A 2 )] ■ ■ ■ {AmXm) 

+ . . . + (AiXi)(A2A2) ■ ■ ■ [d{AMXM)] 

and the sum telescopes to leave 

Ym(AiXi)(A 2 X 2 ) ■ ■ ■ {AmXm) - (AiXi)(A 2 A 2 ) ■ ■ ■ {AmXm)Ym 

= f^\YAX - AXY) = /(™)a(AX). 

We check that the induced A^o functor F, as in Proposition 3.20, is an Aoo equivalence. The 
correspondence e —)■ {f^^^)*e is surjective on objects: Given e' : {A{Af^),d) —>■ (r, 0), we can 
define e(fi) = e'{t) and e{tk) = 1 for 2 < fc < M and e{ak) = e'{ak) for 1 < k < r. The resulting 
augmentation of A{Af^) satisfies f*e = e'. 

Next, we verify that for ei, 62 G Aug+{Af-^), F gives a quasi-isomorphism Fi : Hom+(ei, 62 ) —)■ 
Hom+(/*ei, f*e 2 ). We compute from the definitions: 

F,{{xlY) = ei(f2 ■ ■ ■ tM)-%{t2 . . . tM){x^y 

= ei(f3 ■ ■ ■ tM)-%{t3 . . . tM){x^^)'^ 

Fi{{yiy)=0, l<k<M-l 

^i((2/m)") = {y^r 

^i(K^r) = K^r 1 <LJ< 2 , l<A:<r, 

so Fi is clearly surjective. In addition, the differential mi : Hom+(ei, 62 ) —)■ Hom+(ei, 62 ) satisfies 

miiiyir) = g ( 4 + i )-^ 62 ( 4 + i )( 4 ^+ i )" - {xir 

for 1 < k < M — 1, and it follows that ker(Fi) is free with basis 

..., {y]^_,)\m.iiyir), • • •,mi((i/i^_i)")}. 

Thus ker(Fi) is clearly acyclic, and the induced map on cohomology Fi : Lr*Hom+(ei, 62 ) —)■ 
f/*Hom+(/*ei, f*e 2 ) is an isomorphism since it fits into an exact triangle with third term H* ker(Fi) = 

0 . 

To complete the proof, we now show that the Aqo- category is unchanged up to isomorphism when 
the location of the base points is changed. Let Aq and Ai denote the same Legendrian but with two 
different collections of base points (*i ,... ,*m) and (*i,..., *m) which appear cyclically ordered. 

It suffices to consider the case where the locations of the base points agree except that * • is obtained 
by pushing *i in the direction of the orientation of A so that it passes through a crossing ai. 

In the case that and lie on the overstrand of ai, we have a DGA isomorphism 

f : {A{Ao),d) ^ {A{A,),d) 

given by 

f{ai) = {ti)~^ai 
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and = X for any generator other than ai, as in [NR13]. To see that the are ehain maps, 

note that the holomorphie disks for Aq and Ai are identieal, and the words assoeiated to disks ehange 
only for disks with eomers at ai. Note also that this isomorphism is eompatible with the internal 
gradings on Aq and Ai whieh differ only on a;. Therefore, Proposition 3.29 shows that Aug+{AQ) 
and Aug+{Ai) are isomorphie. 

When *i and sit on the understrand of ai, similar considerations show that a DGA isomorphism 
with 

f 

leads to an isomorphism of Ago-categories. □ 

Proposition 4.23. Suppose that A C J^(M) has its front projection in preferred plat position. Then 
the category Aug^^A^z) is A^c equivalent to Aug ^{Aj) for any Morse function f, and in particular 
is strictly unital. 

Proof Again, we suppose that A has a single component, as a similar argument applies in the multi- 
component case. 

We compare Aug+{Axf) with Aug+{Af) for the function /(x, y,z) = x whose local minima are 
at left cusps and local maxima are at right cusps. Label crossings of iixziA) as oi,..., a^. Label 
left and right cusps of A as 6 i,..., 6^ and Ci,..., Cg so that, when the front projection is traced 
according to its orientation, the cusps appear in order, with br immediately following Cr for all 
1 < r < q. Assuming the resolution procedure has been applied, we label the crossings of the 
xi/-projection, TTxy{A), as oi,..., a^, a^+i,..., Or+q so that the crossings a^+i,..., Or+g correspond 
to the right cusps ci,..., Cq. We assume that the base points *i,..., *q, which are located at the far 
right of the loops that appear on 7txy{L) in place of right cusps, are labeled in the same manner as 

the Ci,...,Cg. 

Collect generators of A,(A™) as usual into matrices A^., X*., Y^, A^., and form matrices A^, Ck, 
out of the generators of A(A™). Note that Bk is strictly upper triangular, while Ck is lower triangular 
with diagonal entries given by the generators cj! that correspond to the right cusps of A^. 

There is a consistent sequence of DGA inclusions 

obtained by identifying generators so that we have 

f^^\Ak) = Ak f^^\Bk)=Yk 

/M(C',) = 7rio„(A,+fc) = Ak, 

where vriow(Ar+fc) is A^+k with all entries above the main diagonal replaced by 0. To verify that these 
identifications provide a chain map, note that the xi/-projections of Ajf and A™ are identical to the 
left of the location of the crossings associated with right cusps. Moreover, for crossings that appear 
in this portion of the diagram, all disks involved in the computation of differentials are entirely to 
the left of the crossings from right cusps as well. Thus = fA>-')d follows when applied to any 
of the matrices Ak or Bk. As in the proof of Proposition 4.14, examining thin and thick disks that 
begin at generators c^ leads to the matrix formula 

dCk = vTiow + Bk-iCk + CkBk^ 
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where $ : ^(A) —)■ Mat(m, Al(A™)) denotes the ring homomorphism with $( 0 ^) = Ak for 
I < k < r and (None of the Ck appear in differentials of generators of Al(A) 

due to the plat position assumption.) Notiee that, for 1 < k < q, ttiow agrees with 

TTiow (‘^’(^(or+fc))) (here <h is from Proposition 4.14) beeause the only appearanee of any of the 
in dck = dttr+k is as a single term eoming from the disk without negative punetures whose 
boundary maps to the loop to the right of Cr+k- Moreover, 

7Tlow{^{tk^)) = 7riow(A^^) = 7riow((AfcXfc)=^^) = 7riow(*h(ffc^)), 

and $ and $ agree on all other generators that appear in dck- Finally, we note that 

i'^\owiBk-iCk + CkBk)) = vriow(Ffc_iAj,+fc + Ar+kYk) 

beeause none of the entries with i < j ean appear below the diagonal in Yk-iAr+k + Ar+kYk- 
Combined with the previous observation, this implies that df‘^'^\Ck) = f^'^^d{Ck)- 
We elaim that the A^o funetor F : Aug+{Af) —)■ Aug+{Axz) arising from Proposition 3.20 is 
an Aoo equivalenee. Indeed, sinee is an isomorphism, F is bijeetive on objeets. The maps 
Fi : Hom+(ei, € 2 ) —)■ Hom+(/*ei, f*e) are surjeetions with ker(Fi) = Spanj.{(a;^^)^, (aj^^i,)^ | 1 < 
k < q}. Moreover, we have mi(a;^^)^ = ei{tk){a]^_^^y (resp. —e2(4)~^(aj+fc)^) when the upper 
strand at Ck points into (resp. away from) the eusp point. It is therefore elear that ker(Fi) is aeyelie, 
so that Fi is a quasi-isomorphism. □ 

Proposition 4.24. The categories Aug^Af) and Aug^A^z) are independent of the number of base 
points chosen on A as well as their location, provided each component of A has at least one base 
point. 

Proof For simplieity, we assume A is eonneeted. Let Aq and Ai denote A equipped with two 
different eolleetions {* 1 ,... ,*m) and (*'^,..., *'^) of base points. First, we suppose that these 
base points have the same number and appear in the same eye lie order along A. We elaim that the 
eategories of Aq and Ai are isomorphie. To show this, it sufflees to eonsider the ease where *k = *'k 
for k > 2 and is obtained by pushing *1 in the direetion of the orientation of A either through a 
erossing, past a loeal maximum or loeal minimum of / (in the ease of the xy-perturbed eategory), 
or past a eusp of A (in the ease of the xz eategory). The proof is uniform for all of these eases. 

For eaeh m > 1, we always have some (possibly upper triangular) matrix of Reeb ehords on 
A™ from the j-th eopy of A to the i-th eopy, and the movement of *1 to results in sliding m base 
points t\,... at through this eolleetion of Reeb ehords. As diseussed in the proof of Proposition 
4.22, we then have isomorphisms : A{A'^) —>■ A{A'^) satisfying 

firn) ^ for all i, j and m, or 

firn) ^ w^H{ for all i, j and m, 

and fixing all other generators. Clearly, the f^^'^ form a eonsistent sequenee of DGA isomorphisms, 
and the isomorphism of the augmentation eategories follows from Proposition 3.20. 

Finally, to make the number of base points the same, it sufflees to eonsider the ease where Aq has 
a single base point, * 1 , and Ai has base points * 1 ,..., *m loeated in a small interval around *1 as in 
Figure 4.5. Then, for m > 1, we have DGA morphisms f^^'^ : A{A'^) —)■ A{A^) fixing all Reeb 
ehords and with 

f^'^\t\) = t\f 2 ■ ■ ■ for all 1 < i < m. 
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The clearly form a consistent sequence, so there is an A^o functor F : Aug+{Ai) —)■ Aug+{Ao) 
induced by Proposition 3.20. As in the proof of Proposition 4.22, F is surjective on objects. More¬ 
over, F induces an isomorphism on all horn spaces (before taking cohomology), and is thus an 
equivalence. □ 


4.4. Examples. 

Here we present computations of the augmentation category for the Legendrian unknot and the 
Legendrian trefoil, as well as an application of the augmentation category to the Legendrian mirror 
problem. 

These calculations require computing the DGA for the m-copy of the knot. For this purpose, 
each of the m-copy perturbations described in Section 4.1, front projection m-copy and Lagrangian 
projection m-copy, has its advantages and disadvantages. The advantage of the Lagrangian m-copy 
is that its DGA can be computed directly from the DGA of the original knot by Proposition 4.14; 
for reference, we summarize this computation and the resulting definition of Aug+{A) in Section 
4.4.1, assuming A is a knot with a single base point. The advantage of the front m-copy is that it has 
fewer Reeb chords and thus simplifies computations somewhat: that is, if we begin with the front 
projection of the knot, resolving and then taking the Lagrangian m-copy results in more crossings 
(because of the x, y crossings) than taking the front m-copy and the resolving. We compute for the 
unknot using the Lagrangian m-copy and for the trefoil using the front m-copy, to illustrate both. 

Convention 4.25. We recall Hom+(ei, 62) = 6*^2 Hom_(e2, Ci) = C 21 . Often our notational 
convention would require elements of 0^2 to be written in the form (a^^)^, but when viewing them 
as elements of Hom+(ei, 62), we denote them simply as a'^. Likewise, an element of G21, which 
would otherwise be denoted as (a^^)^, we will instead write as a~ G Hom_(e2, ei). 

This convention is made both to decrease indices, and to decrease cognitive dissonance associated 
with the relabeling of strands required by the definition of composition, as in (3.2). 


4.4.1. The augmentation category in terms of Lagrangian m-copies. 

Since the construction and proof of invariance of the augmentation category involved a large 
amount of technical details, we record here a complete description of it in the simplest case, namely 
a Legendrian knot with a single base point, in terms of the DGA associated to its Lagrangian pro¬ 
jection. This is an application of Definition 3.16 to the corresponding consistent sequence of DGAs 
from Proposition 4.14. 

Proposition 4.26. Let Abe a Legendrian knot with a single base point, and let (.4,(A), d) be its C-E 
DGA, constructed from a Lagrangian projection of A, which is generated by S = IZUT where 
TZ = {oi,..., Or} and T = {t, t~^}, with only the relation t ■ -1 = 1. Then the objects 

of Augj^{A,T) are exactly the augmentations of A{A), i.e. the DGA morphisms e : .4,(A) —)■ r. 
Each Hom+(ei,e 2 ) is freely generated over r by elements (1 < k < r), x~^, and y~^, with 

I = \y^\ — 0- 

We describe the composition maps in terms of the corresponding DGAs {A^, 0™) of the m-copies 
of A, which are defined as follows. The generators of A^ are 
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(1) 1 < i < m, with |t*| = 0; 

(2) for 1 < i, j < m and 1 < k <r, with |a^^| = \ak\; 

(3) for 1 < i < j < m, with | = 0; 

(4) y''^ for 1 < i < j < m, with \y'^^ = — 1, 

and the only relations among them are f ■ = 1 for each i. If we assemble these into 

m X m matrices A^, X, Y, and A = Diag(t^, ..., f^) as before, where X is upper triangular with 
all diagonal entries equal to 1 and Y is strictly upper triangular, then the differential satisfies 

d^{Ak) = Hdak) + YAk - (-l)l“'=UfcF 
d^{X) = A-^YAX - XY 
d^{Y) = Y^ 


where $ is the graded algebra homomorphism defined by $( 0 ^) = Ak and $(t) = AX. 
To determine the composition maps 


ruk : Hom+(efc, e^+i) ® • • • 0 Hom+(e2, €3) 0 Hom+(ei, 62) Hom+(ei, e^+i), 

recall that a tuple of augmentations (ei,..., e^+i) of A{X) produces an augmentation e : —)■ r 

by setting e(a**) = efaf, e((t*)^^) = and e = 0 for all other generators. We define a 

twisted DGA by noting that descends to := {A^^^ 0 ir)/(t* = e(f)) 

and letting = 0e o o 0“^, where ffio) = a + e(a). Then 


mk[af, 


, at, a~^ 


2 y '^1 


) = (-1)' 


E ' 

a&TtU{x,y} 


Coeff, 


Qfi CKo ...Q 


k,k+l 


(d^ 




), 


where Ui G {oi, 02 , ■ ■ ■, Ur, x,y} for each i, and a = k{k — 1)/2 + J2p<q 1+ Wt-i\ + 
Ittfe-sl H-• 


Remark 4.27. The construction of each can be expressed more concisely as follows. 

Having defined the graded algebra homomorphism $ ; .4,(A) —)■ 0 End(Z™) and the elements 

Ak, X, Y, A, the differential d'^ is equivalent to a differential on A^ 0 End(Z™) once we know that 
End(Z'") has the trivial differential. It is characterized by the facts that d'^A = 0; that —Y is a 
Maurer-Cartan element, i.e. that 

9'”(-y) + ^i-T-u = 0i 

and that if we define a map : .4,(A) — A^ 0 End(Z™) by — <1)5, then 

Z)<h + ad(— y) o $ = 0. 

Here is a (<I>, <h)-derivation, meaning that D^{ab) = D^{a) ■ ^{b) + (—l)l“l$(a) ■ D^(b), and 
[•, ■] denotes the graded commutator [A, B] = AB — 


4.4.2. Unknot. 

We first compute the augmentation categories Aug±{K,T) for the standard Legendrian unknot 
A shown in Figure 4.6, and any coefficients r, using the Lagrangian projection m-copy and via 
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Figure 4.6. The Legendrian unknot A (left) and its 2-eopy (right), in the xy 
projeetion, with base points and Reeb ehords labeled. 



Proposition 4.26. Then the DGA for A is generated by and a single Reeb ehord a, with |f| = 0, 
|a| = 1, and 

d{a) = 1 + 

This has a unique augmentation e to r, with e(a) = 0 and e{t) = —1. 

We can read the DGA for the m-copy of A from Proposition 4.26. For m = 2, there are 6 Reeb 
chords with |a*-^| = 1, |x^^| = 0, \y^‘^\ = —1, and the differential is 

d{a^^) = 1 + + y^^a^^ d{x^^) = - y^^ 

d{ay = -X^yt^)-^ + ^ ^11^12 ^ Q 

d{y^) = 0 

d{y^) = i + itY^ + yv\ 

Note that the differential on A^ can also be read by inspection from Figure 4.6. 

We have 


Hom°(e, e) = (!/■'■) Hom^(e, e) = (t'*') Hom^(e, e) = (a’*') 

Hom^(e, e) = (a“) 

and all other Hom^(e, e) are 0. The linear part O'™ ^ of the differential d(e,e) on C 12 = y^ 

is given by O'™ ^(a^^) = x^‘^. O'™ ^(t^^) = 0 |™^^(?/^'^) = 0, while on C21 = (a^^) it is identically zero. 
Dualizing gives differentials mi on Hom^ with mi(a;’'') = a'^ in Hom_,_ and mi = 0 otherwise, and 
mi = 0 on Hom_; thus 

F/'''Hom+(e, e) = {y'^) iF^Hom_(e,e) = (a“) 

and Ar*Hom±(e, e) = Ootherwise. (Recall from Convention 4.25 that a+, a“ represent (a'^)^, (a^^)^ 
in Hom+, Hom_, respectively.) 

It is evident that the augmentation category Aug- (A, r) is non-unital - there are no degree zero 
morphisms at all. Indeed, all higher compositions m^, fc > 2, on Hom_(e, e) must vanish for degree 
reasons. To calculate the composition maps on Aug^K^ r), we need the differential for the 3-copy 
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A^. Again from Proposition 4.26, the relevant part of the differential for is 

^ 3.12^23^^3)-! ^ ^12^23 ^ ^13^33 ^11^13 ^ ^12^23 

^ (tl)-1^13^3 ^ (^1)-1^12^2^23 _ ^13 _ ^12^23 

d{y^^) = y^v^. 

Augmenting eaeh eopy by e sends eaeh f* to — 1, whieh by (3.1) leads to 

m2{x~^, x'^) = 

"12(1/'^, a"^) = 1112(0+,!/+) = -a+ 
m2(!/+,x+) = m2(x+,?/+) = —x+ 
i«2(i/'^,i/’^) = -y""- 

Note in partieular that in ^M 5 f+(A, r), —y^ is the unit, in agreement with Theorem 3.28. 

One ean eheek from Proposition 4.26 that 

mfc(x+,x+,... ,x+) = (— 

and all other higher produets vanish for k > 3: the only eontributions to ruk eome from entries 
of (AX)-A 

Remark 4.28. If we instead ehoose the opposite orientation for A (whieh does not ehange A up to 
Legendrian isotopy), then the differential for A eontains no negative powers of t, and no words of 
length > 2; it follows that in the resulting Ago eategory Aug^, ruk vanishes identieally for k > 3. 


4.4.3. Trefoil. 

Here we eompute the augmentation eategories to Z/2 for the right-handed trefoil A shown in 
Figure 4.1, using the front projeetion m-eopy, of. Seotion 4.2.1. Plaee a single base point at the right 
ousp Cl (i.e., along the loop at ci in the xy resolution of the front), and set f = —1 to reduee to 
ooeffioient ring Z (we will keep the signs for referenoe, although for our oaloulation it suffioes to 
reduee mod 2 everywhere). Then the DGA for A is generated by ci, C 2 , ai, 02 , 03 , with |ci| = |c 2 | = 
1 and I Oil = 1021 = josl = 0 , with differential 

d { ci ) = —1 + Oi + 03 + 030203 
9(02) = 1 — Oi — O3 — O3O2O1 

0(01) = 0(02) = 0(03) = 0. 

There are five augmentations 61 , 62 , 63 , 64,65 from this DGA to Z/2: 6 j(cj) = 0 for all i,j, and 
the augmentations are determined by where they send ( 01 , 02 , 03 ): 61 = ( 1 , 0 , 0 ), 62 = ( 1 , 1 , 0 ), 

63 = (0,0,1), 64 = (0,1,1), 65 = (1,1,1). 
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Next consider the double of the trefoil as shown in Figure 4.3. For completeness, we give here 
the full differential on mixed Reeb chords of (over Z, with base points at cp and cp): 


d{cl^) = 0 
d{cl^) = 0 
d{a\^) = cl^af - 
d{al^) = cl^af-al^cl^ d{af) = 0 

= diaf) = 0. 

For any augmentations e*, ej, we have 


d { cl ^) = a^^(l + 02^03^ + 0-2^03^) + + 02^03^) + 

d ( cl ^) = —03^(1 + 02^0^^ + a2^aj^) — 03^(02^0^^ + — af ^ 

d{al^) = 0 


Hom° (ei,ej) ^ (Z/ 2 )(c+,c+) 
Hom^e*,ej) = {Z/2){at,at,a^) 


Homi(ei, ej) = (Z/2)(a3,02,03 ) 

Hom^(ei,ej) = (Z/ 2 ) (0^,02) 


and Hom^(ei, ej) = 0 otherwise. The linear part of the differential 5(ei,ei) on C 12 sends 

to cP + C2^ and the other four generators c^, to 0, while 9(ei,ei) on C 21 sends to 

+ af^, to + a^, and to 0. Dualizing gives 

i/°Hom+(6i,ei) ^ (Z/ 2 )([c+ + 4 ]) ifiHom_(ei, 61) ^ (Z/ 2 )([ar + Ug"], [02“]) 
i/'Hom+(6i,ei) ^ (Z/2)([a+], [03+]) ^ {Z/ 2 ){[c^]) 


and iF*Hom±(ei, ei) = 0 otherwise. As in the previous example, note that if*Hom+(ei, ei) has 
support in degree 0, while Ff*Hom_(ei, ei) does not. 

A similar computation with the pair of augmentations (ei, 62) gives, on C'12, ^ 

^2^’ 62) ^ ^*1% = 0 011 Other generators. On C'21, we have £i)(ci^) = + 03^, 

ei)(o2^) = (9|“ = 0 on other generators. Thus we have: 

ffiHom+(ei,62) = (Z/2)([a+]) ifiHom_(ei, 62) = {'Z/2){[a:^]) 


and iF*Hom±(ei, 62) = 0 otherwise. 


Remark 4.29. Note that either of if*Hom+(ei, ei) ^ iF*Hom+(ei, 62) or if*Hom_(ei, ei) ^ 
f/*Hom_(ei, 62) implies that ei ^ 62 in Aug+\ see Section 5.3 below for a discussion of isomor¬ 
phism in Aug+. Indeed, an analogous computation shows that all five augmentations ei, 62, 63, 64, 65 
are nonisomorphic. (The analogous statement in Aug- was established in [BC14, §5].) As shown 
in [EHK], these five augmentations correspond to five Lagrangian fillings of the trefoil, and these 
fillings are all distinct; compare the discussion in [BC14, §5] as well as Corollary 5.18 below. 


We now compute m 2 as a product on Hom±(ei, ei). For this we use the front projection 3-copy 
A^ of A, as shown in Figure 4.7. The relevant portion of the differential for A^ (with irrelevant signs) 
is: 



= 


r)(cf) 

33 32 21 1 32 22 21 , 32 21 11 

= a2 a2 


= 


r)(cf) 

33 32 21 32 22 21 32 21 11 

= —ttg a2 ai — a2 a2 


= cl^af 

- 




= 

- 



0(af) 

= craf 

- . 
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Figure 4.7. The 3-copy of the Legendrian trefoil, in the front projection, with 
some Reeb chords labeled. 

Linearizing with respect to the augmentation (ei,ei,ei) on A^, we find that the nonzero parts of 

m 2 : Hom+(ei,ei) (g) Hom+(ei, ei) -)■ Hom+(ei,ei) are m2(cj^, = c|, 7712(0^,02) = 0 ^, 

77i2(oj^, a+) = m 2 {a^, 0 ^) = af, 7712(02 , a^) = m 2 (a 2 , oj^) = a^, and 7772 ( 0 +, 03 ) = 7772 ( 03 , 0 ^) = 

Og . This gives the following multiplication m 2 on i7*Hom+(ei, oi): 


7772 

[4 + 4' 


4] [4] 

[cr + cj] 
[4] 

[4] 

4 + 4J [4J [4J 

[at] 0 0 

[ 0 +] 0 0 


Thus [ 0 + + C 2 ] acts as the identity in i7*Hom+(ei, oi). 

For composition in , the nonzero parts of 7772 : Hom_(ei, ei)(g)Hom_(ei, oi) —)■ Hom_(ei,ei) 
are 7772(a2 , Og ) = oj" and7772(aj, ) = O 2 . This gives the following multiplication on 77*Hom_(ei, oi) 


7772 

Q/-^ ^‘2 

[«1 + «3 ] 

4] 

4] 

000 

4° ° 

0 ^0 


This last multiplication table illustrates Sabloff duality [Sab06]: cohomology classes pair together, 
off of the fundamental class [oj"]. 
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Figure 4 . 8 . The knot 771(945), with one partieular disk shaded. 


4.4.4. 777 ( 945 ). 

Let A be the Legendrian knot in Figure 4.8. This is of topologieal type 777 ( 945 ), and has previously 
appeared in work of Melvin and Shrestha [MS05], as the mirror diagram for 945 , as well as in the 
Legendrian knot atlas [CN13], where it appears as the second diagram for 777 ( 945 ). In particular, 
Melvin and Shrestha note that A has two different linearized contact homologies (see the discussion 
following [MS05, Theorem 4.2]). 

We can use the multiplicative structure on Aug+ to prove the following, which was unknown until 
now according to the tabulation in [CN13]: 

Proposition 4.30. A is not isotopic to its Legendrian mirror. 

Here the Legendrian mirror of a Legendrian knot in is its image under the diffeomorphism 
{x,y,z) HA {x, —y, —z). The problem of distinguishing Legendrian knots from their mirrors is 
known to be quite subtle; see, e.g., [Ng03] and [CKE+11]. It was already noted in [CKE+11] that 
the ring structure on Aug_ for A is noncommutative, and we will use this noncommutativity here. 

Proof of Proposition 4.30. We use the calculation of the augmentation category from Proposition 4.26, 
where we resolve A to produce a Eagrangian projection, and choose any orientation and base point. 
We claim that: (1) there is an augmentation e from Al(A) to Z/2 for which 

7772 : Lf“^Hom+(e, e) (g) iF^Hom+(e, e) — )■ if^Hom+(e, e) 

is nonzero; and (2) there is no such augmentation for the Eegendrian mirror of A. Since A and 
its Eegendrian mirror have the same DGA over Z/2 but with the order of multiplication reversed, 
(2) is equivalent to 7772 : iT^Hom_,_(e, e) (g Lr“^Hom+(e, e) —iF^Hom_,_(e, e) being zero for all 
augmentations e for A. 

To establish (2), note that the only Reeb chord of A of degree —2 is Oio, while the Reeb chords of 
degree 1 are Oi, 02 , 03 , 04 , 043 . By inspection, for i G {1, 2, 3,4,13}, there is no disk whose negative 
comers include oio and a*, with oio appearing first, and so 7772 (a)*', a]*'o) = 0. Since [a]*'o] generates 
Hom)}^ and [al] generate Hom^ for i G {1, 2, 3,4,13}, (2) follows. 

It remains to prove (I). There are five augmentations from Al(A) to Z/2. Two of these are given 
(on the degree 0 generators) by 6 ( 05 ) = 6 ( 05 ) = 6 ( 07 ) = 1, 6 ( 042 ) = 0, and e(as) = 0 or 1. (The 
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Other three have if^Hom+(e, e) = 0.) Let e be either of these two augmentations; then 

f/ 2 Hom+(e,e) = (Z/2)([a+3]) 

i?'Hom+(e, e) ss (Z/2)([aJ], [aj, + (1 + e(o 8 ))afl) 

//-‘Hom+(e,e) = (Z/2)(lo+|>. 

Now the faet that d{as) = aisOio (the relevant disk is shaded in Figure 4.8) leads to m 2 (a)*g, 05 * 3 ) = 
Og , and thus m 2 ■ Lr“^Hom+ ® iL^Hom+ —iL^Hom+ is nonzero. □ 

Remark 4.31. It turns out that for either of the two augmentations speeified in the proof of Propo¬ 
sition 4.30, m 2 : i?*Hom+ ® if'^Hom+ —)■ if*+-^Hom+ is nonzero for {i,j) = (—1, 2), (1, —1), and 
( 2 , 1 ), but zero for (i, j) = ( 2 , — 1 ), (— 1 , 1 ), and ( 1 , 2 ); any of these ean be used to prove the result. 
In addition, we note that the same proof also works if we use Aug_ instead of Aug+. 
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5 . Properties of the augmentation category 

This section explores certain properties of the augmentation category Aug+{k, r) defined in Sec¬ 
tion 4. In Section 5.1, we give categorical formulations of Sabloff duality and the duality exact 
sequence, and also explain the relation of the cohomology and compactly supported cohomology of 
a Lagrangian filling to the +/— endomorphism spaces of the corresponding augmentation. Some of 
the results from Section 5.1 are very similar if not essentially identical to previously known results 
in the literature, and in Section 5.2, we provide a dictionary that allows comparison. Finally, in Sec¬ 
tion 5.3, we discuss relations between different notions of equivalence of augmentations, showing 
in particular that being isomorphic in Aug^ is the same as being DGA homotopic. 


5.1. Duality and long exact sequences. 

Let A C J^(M) be a Legendrian link. Here we examine the relationship between the positive and 
negative augmentation categories Aug±{IV^T)\ recall from Proposition 4.7 that Aug-{K,T) is the 
Bourgeois-Chantraine augmentation category. We note that many of the results in this subsection 
are inspired by, and sometimes essentially identical to, previously known results, and we will attempt 
to include citations wherever appropriate. 


5.1.1. Exact sequence relating the horn spaces. 


Proposition 5.1. There is a morphism ofnon-unital A^o categories Aug-{K) — Aug^{K) carrying 
the augmentations to themselves. 

Proof. In Proposition 3.23, we observed that from the 3-copy, we obtained a map 

m 2 ; Hom+(ei, 63 ) ® Hom_(e 2 , ei) = ® C 21 = Hom+(e 2 , 63 ). 

Taking ei = 63 and specializing to id G Hom+(ei, 63 = ei), we get a map 

Hom_(e 2 , ei) Hom+(e 2 , 63 = ef. 

The higher data characterizing an A^o functor and related compatibilities comes from similar com¬ 
positions obtained from higher numbers of copies. □ 

Proposition 5.2. Let A C (M) be a Legendrian link, and let Aug+ (Aj) and Aug_ (A) be the pos¬ 
itive augmentation category as constructed in Definition 4.3 (with some Morse function f chosen on 
A), and the negative augmentation category as constructed in Definition 4.6. Let ci, 62 be augmen¬ 
tations of A, and suppose that Ci, 62 agree on T (that is, on the tk’s). Then the map determined by 
the functor from Proposition 5.1 fits into a short exact sequence of chain complexes 

0 —j- Hom_(ei,e 2 ) —)■ Hom+(ei,e 2 ) —)• C'*(A) —)■ 0, 

where C*(A) is a chain complex computing the ordinary cohomology of A. It follows there is a long 
exact sequence 


-^ W-\A) 77 *Hom_(ei,e2) ^ i 7 *Hom+(ei,es) ^ H\A) ^ . 
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Proof. The proof consists of explicitly writing the complex Hom^(ei, 62) as a mapping cone: 

Hom^(ei,e2) = Cone (C*’''^(A) —)■ Homl(ei,e2)) . 

For simplicity, we assume that A is a single-component knot; the multi-component case is a straight¬ 
forward generalization. Let A^ be the Lagrangian projection 2 -copy of A. In the notation of 
Proposition 4 . 26 , Hom+(ei,e2) = is generated by the a^’s as well as and y^, while 

Hom_(ei, 62) = is generated by just the a^’s: that is, if we identify = a^, then 

Hom+(ei,e2) = Horn.(61,62) © (x+,i/+). 

The differential mf on Hom+ (61, 62) is given by dualizing the linear part of the twisted differential 
^61 £2) £2)’ '''hile the differential on Hom_(6i, 62) is given by dualizing the linear part of 

^62 £i) £i)' Iiispscting Proposition 4.14 gives that mf and mj" coincide on the a^’s, while 

”^1^(2/^) = 0 e {af ,... ,a+) as in the proof of Proposition 3 . 28 . (Note that for 

{y~^) = 0, we need the fact that 6 i(f) = 62(f), which is true by assumption.) The quotient 
complex {x^,y~^) of Hom+(6i,62) is then the usual Morse complex C*{S^) = C*{A), and the 
statement about the mapping cone follows. □ 

Remark 5.3. The condition in Proposition 5.2 that 61 and 62 agree on T is automatically satisfied 
for any single-component knot with a Morse function with a unique minimum and maximum: in 
this case, there is only one t, and 61(f) = 62(f) = —1 by a result of Leverson [Lev]. Here we 
implicitly assume that the augmentation categories are of Z-graded augmentations, although the 
same is true for (Z/m)-graded augmentations if m is even. However, Proposition 5.2 fails to hold 
for multi-component links if we remove the assumption that 61, 62 must agree on T. 


5 . 1 . 2 . Sablojf duality. 

Here we present a repackaging of Sabloff duality [Sab 06 , EES 09 ] in our language. Roughly 
speaking, Sabloff duality states that linearized contact homology and linearized contact cohomol¬ 
ogy fit into a long exact sequence with the homology of the Eegendrian. In our notation, linearized 
contact cohomology is the cohomology of Hom_, while linearized contact homology is the homol¬ 
ogy of the dual to Hom_; see Section 5 . 2 . 

Eor a cochain complex K, we write K'^ to denote the cochain complex obtained by dualizing the 
underlying vector space and differential and negating all the gradings. By comparison, if K were a 
chain complex, we would write K* to denote the cochain complex obtained by dualizing the under¬ 
lying vector space and differential, but leaving all the gradings alone. We now have the following 
result, which can roughly be summarized as “homology in Aug_ is cohomology in Augj^P 

Proposition 5.4. There is a quasi-isomorphism Hom_(62,6i)^[— 2 ] Hom+(6i, 62). 

Proof. This proof is given in [EES 09 ] (though not in the language stated here); we include the proof 
in our language for the convenience of the reader. Eet A^^^ be an (appropriately perturbed) 2 -copy 

of A. Eet A^ the link with the same xy projection as A*^^^ but with Ai lying very far above A2 in 
the 2; direction. 

We write C for the space spanned by the Reeb chords of A . Note that, since these are in 
correspondence with self intersections in the xy projection, which is the same for A^^^ and A^ , the 
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Reeb chords of these links are in bijeetion. However, in all Reeb ehords go from A2 to Ai, so 
C =0. Note that if r G 71 “^^ eorresponds to a chord f ^TZ , then /i(f) = —iJ.{r) — 1 beeause the 
Reeb chord is now oppositely oriented between Maslov potentials, and moreover is a minimizer of 
front projection distance if it was previously a maximizer, and viee versa. We will write to 

indieate the graded module with this eorreeted grading. We have explained that, as a graded module, 

= 6-12 © 

Let ei, 62 be augmentations of Al(A). We write e = (ei, 62) for the eorresponding augmentation 

of A*^2) and e = (ei, 62) for the eorresponding augmentation of A^ . If we pass from A*^^) jq A^ by 
moving the eomponents further apart by some large distanee Z in the 2; direetion, then every Reeb 

ehord of A eorresponding to a generator of C12 has length larger than Z, and every Reeb chord 
corresponding to a generator of C^i has length smaller than Z. Because the differential is filtered by 
ehord length, it follows that we have an exact sequence of dg modules 

0 —)■ J —>■ [C ,d^) —)■ —)■ 0 . 

Here means the dg module whieh is equipped with the quotient differential coming 

from the exaet sequenee. 

Now geometric considerations imply that 

if r G C TZ , then de{r) in C counts disks with a negative eomer at some r' ^ 7 Z , which 
is either in TZ^"^ (in which case it eontributes equally to and the quotient differential dj) or in 7 Z‘^^ 
(in which it does not eontribute to either, sinee in A (2) eorresponds to a disk with two positive 
punctures). Additionally, we have 

this is a manifestation of the faet that when we push the two copies past each other, a disk with a 

positive and a negative eorner at ehords in TZ^^ beeomes a disk with a positive and a negative corner 
—12 

at ehords in TZ , but with the positive and negative eorners switehed. 

Dualizing and shifting, we have 

0 —)■ Hom+(ei, 62) —)■ {C , ()£)*[— 1 ] —)■ Hom_(e 2 , ei)^[— 1 ] —)■ 0 . 

View the eentral term as a mapping eone to obtain a morphism Hom_ (62, ei)'*' [— 2 ] —)■ Hom+(ei, 62). 
—2 

Since A ean be isotoped so that there are no Reeb chords between the two components, the central 
term is aeyelie, so this morphism is a quasi-isomorphism. □ 

Remark 5.5. Proposition 5.4 holds for n-dimensional Legendrians as well, with n + 1 replacing 2 . 

Corollary 5.6. We/lave Lf*Hom+(ei, 62) = if*“2Hom_(e2, the cohomology of the horn spaces 
in Aug+ is isomorphic to (bi)linearized Legendrian contact homology. 

Here bilinearized Legendrian eontaet homology, as construeted in [BC 14 ], is the cohomology of 
Homl; see Seetion 5.2 below for the preeise equality, and for further diseussion of the relation of 
Proposition 5.4 to Sabloff duality. 
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5.1.3. Fillings. 

As described in the Introduction, an important source of augmentations is exact Lagrangian fill¬ 
ings, whose definition we recall here. For a contact manifold (V, a), the cylinder M x 1/ is a sym- 
plectic manifold with symplectic form ui = d{e^a), where t is the M coordinate. Let A C V 
be Legendrian. A Lagrangian filling of A is a compact L C (—cx),0] x V such that ijj\l = 0, 
Lf] {t = 0} = {0} X A, and L U ([0, oo) x A) is smooth. The filling is exact if e^a\L is an exact 
1-form. As part of the functoriality of Symplectic Field Theory, any exact Lagrangian filling of a 
Legendrian A induces an augmentation of the DGA for A; see e.g. [Ekhl2], and [EHK] for the 
special case V = J^(]R). 

We now restrict as usual to this special case. Eor an augmentation obtained from an exact Ea- 
grangian filling, Hom± is determined by the topology of the filling. This is essentially a result of 
[Ekhl2] (see also [BC14, §4.1]); translated into our language, it becomes the following: 

Proposition 5.7. Suppose that L is an exact Lagrangian filling of A in (— cxd, 0] x (M), with Maslov 
number 0, and let cl be the augmentation of A corresponding to the filling. Then 

7/"Hom+(eL, cl) = H\L), i7'=Hom_(eL, e^) ^ H\L, A), 
and the long exact sequence 

- vH^-\A) ^ 77^Hom_(eL,eL) ^ i7''Hom+(eL, e^) ^ H\A) 

is the standard long exact sequence in relative cohomology. 

Proof. This result has appeared in various guises and degrees of completeness in [BC14, DR, EHK, 
Ekhl2] (in [Ekhl2] as a conjecture); the basic result that linearized contact homology for cl is the 
homology of L is often attributed to Seidel. Eor completeness, we indicate how to obtain the precise 
statement of Proposition 5.7 via wrapped Eloer homology, using the terminology and results from 
[DR]. 

Theorem 6.2 in [DR] expresses a wrapped Eloer complex {CF,(L, L^’'^), d) as a direct sum 

CF.{L, LY) = C'I,_(F+) © © CL-\A), 

where the differential d is block upper triangular with respect to this decomposition, so that d maps 
each summand to itself and to the summands to the right. In this decomposition, 

ChorseU)^ and Cone(C'^„„,(F+) ^ C'j^orseU)) are Morse complexes for C\L), C'\a), and 
C*(L, A), respectively. Eurthermore, inspecting the definitions of [DR, §6.1.2] (and recalling we 
shift degree by 1) gives (A) = Hom*r^(ez,, e^) and Cone(CJ^Q^^g(/) -)■ CL*{A)) = Hom*[+^(ez,, 

Now the wrapped Eloer homology for the exact Eagrangian fillings L, Lfjf vanishes (see e.g. [DR, 
Proposition 5.12]), and so the complex CF,{L, Lf^) is acyclic. It follows from CF,{L, Lf) = 
C*{L) © Hom;-^(eL,ei) that 77^Hom+(eL, e^) ^ HfL), and from CF,{L,Lf) = C*{L,A) © 
Homl“^(eL) that i7^Hom_(eL, e^) = H^{L,A). The statement about the long exact sequence 
similarly follows. □ 

Remark 5.8. Proposition 5.7 relies on the Eagrangian filling L having Maslov number 0, where the 
Maslov number of L is the gcd of the Maslov numbers of all closed loops in L; see [Ekhl2, EHK]. 
However, a version of Proposition 5.7 holds for exact Eagrangian fillings of arbitrary Maslov number 
m. In this case, is not graded but m-graded: that is, e(a) = 0 if m f |a|, but e(a) can be nonzero 
if |a| is a multiple of m. The isomorphisms and long exact sequence in Proposition 5.7 continue to 
hold when all gradings are taken mod m. 
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5.2. Dictionary and comparison to previously known results. 

Here we eompare our notions and notations with pre-existing ones, espeeially from [BC14]. 
We have considered a number of constructions derived from the Bourgeois-Chantraine category 
Aug-{K^T) that previously appeared in [BC14] or elsewhere in the literature. For convenience, 
we present here a table translating between our notation and notation from other sources, primarily 
[BC14]. 


Notation here 

Notation in other sources 

Aug-{A, r) 

Bourgeois-Chantraine augmentation category [BC14] 

Homl(ei, 62 ) 

Hom*-'(e 2 ,ei) = C';-ijBC14] 

7/*Hom(ei, 62 ) 

bilinearized Eegendrian contact cohomology LCH*~^^{A) [BC14] 

i7*Hom(e, e) 

linearized Eegendrian contact cohomology LCH*~^{A) [Sab06, EES09] 

Homl(ei, 62 )^ 

[BC14] 

77* Horn. ( 61 , 62 )^ 

bilinearized Eegendrian contact homology LC [BC14] 

77*Hom_(e,e)t 

linearized Eegendrian contact homology LCH'i^_^{A) [Che02] 


Using this dictionary, we can interpret various results from the literature in our language. For 
instance, Sabloff duality, or more precisely the Ekholm-Etnyre-Sabloff duality exact sequence 
[EES09, Theorem 1.1] relating linearized Eegendrian contact homology and cohomology, is: 

■ • • ^ ^ LCH:\K) ^ LCH^^{K) ^ ^ . 

This was generalized in [BC14, Theorem 1.5] to bilinearized contact homology and cohomology: 

Since this long exact sequence is derived from a chain-level argument using mapping cones, we can 
dualize to give: 

- >H\A)^ LCH^X" H^^\A) ^ . 

But we have LC = ii/'*^+^Hom_(ei, 62 ), while by Corollary 5.6, 

LCH ^ X \^) = i^'^-^Hom. (62,61)^ ^ if'^+^Hom+(ei, 62), 

and so the last exact sequence now becomes the exact sequence in Proposition 5.2. 

In the case when A has an exact Eagrangian filling L with corresponding augmentation e^, the 
fundamental result that the linearized contact cohomology is the homology of the filling is written 
in the literature as: 

(5.1) LCHl;\A) = Hu{L). 

As discussed in the proof of Proposition 5.7, this was first stated in [Ekhl2] and also appears in 
[BC14, DR, EHK]. Now we have LCHl~^{A) = i7^“^Hom_(eL, e^), while Hk{L) = A) 

by Poincare duality; thus (5.1) agrees with our Proposition 5.7 (which, after all, was essentially 
proven using (5.1)). 
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To summarize the relations between the various eonstruetions in the presenee of a filling: 

= ff'=Hom+(eL,eL) ^ H\L) = 

LCH':;\k) = H^Y{om_{eL,eL) = H\L,A) = H^-kiL). 

Remark 5.9. With the benefit of hindsight, the terminology “linearized eontaet eohomology” ap¬ 
plied to i/*Hom_(e, e) is perhaps less than optimal on general philosophieal grounds: eohomology 
should eontain a unit, and if*Hom_(e, e) does not. Moreover, in the ease when e = is given by 
a filling and so if*Hom_(e, e) has a geometrie meaning, it is eompaetly supported eohomology (or, 
by Poineare duality, regular homology): 

f/*Hom_(eL,eL) ^ 

By eontrast, we have 

H*mm+{eL,eL) = H*{L), 

and so it may be more suggestive to refer to i/*Hom_|_(eL, e^) rather than i7*Hom_(ei, ei) as lin¬ 
earized eontaet eohomology. 

To push this slightly further, “linearized eontaet homology” LCH^{A) is if“*“^Hom_(e, e)^ 
whieh by Proposition 5.4 is isomorphie to if“*'''^Hom+(e, e). Thus linearized eontaet homology, 
eonfusingly enough, is a unital ring, and indeed for e = it is the cohomology ring of L\ 


5.3. Equivalence of augmentations. 

Having formed a unital eategory Auqj^ from the set of augmentations, we have a natural notion 
of when two augmentations are isomorphie. Note that the following are equivalent by definition: 
isomorphism in Auqj^, isomorphism in the eohomology eategory H*Aug+, and isomorphism in the 
degree zero part H^Aug+. 

This notion implies in partieular that the eorresponding linearized eontaet homologies are isomor¬ 
phie: 

Proposition 5.10 (ef. [BC14, Theorem 1.4]). If ei,e 2 are isomorphic in Aug+, then 

f/*Hom+(ei, €3) = if*Hom_|_(e2, e^) and if*Hom+(e3, ei) = Tr*Hom+(e3, 62 ) 
for any augmentation € 3 . In particular, 

f/*Hom+(ei,ei) ^ i 7 *Hom+(ei, 62) = i/*Hom+(e2, 62). 


Proof Obvious. □ 

We now investigate the relation of this notion to other notions of equivalenee of augmentations 
whieh have been introdueed in the literature. We will eonsider three notions of equivalenee, of whieh 
(2) and (3) will be defined below: 

(1) isomorphism in .4 .m5 '+; 

(2) isomorphism in yAug -; 

(3) DGAhomotopy. 
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We will see that (1) implies (2), and that (1) and (3) are equivalent if A is eonneeted with a single 
base point; we do not know if (2) implies (1). A fourth notion of equivalenee, involving exponentials 
and neeessitating that we work over a field of eharaeteristie 0, usually M (see [Bou09, BC14]), is not 
addressed here. 

Note that (3) has been shown to be elosely related to isotopy of Lagrangians in the ease where the 
augmentations eome from exaet Lagrangian fillings: see [EHK] and Corollary 5.18 below. 


5.3.1. Isomorphism in yAug— 

In [BC14], equivalenee was defined using Aug- as follows. While Aug- is not unital, the 
eategory of -modules (funetors to ehain eomplexes) is, and the Yoneda eonstruction e h-)■ 
Hom_( •, e) gives a morphism y : Aug- —)■ -modules. This morphism is eohomologieally 
faithful but not oohomologieally full sinee Aug- is non-unital. We write yAug- for the full sub- 
eategory on the image objeets. In any ease, [BC14] defined two augmentations to be equivalent if 
their images in yAug- are isomorphic. As noted in [BC14, Theorem 1.4], essentially by definition, 
if y^i = ye 2 in yAug-, then 

/f*Hom_(ei,e3) = i/*Hom_(e 2 , eg) and i7*Hom_(e3, ei) ^ i7*Hom_(e3, es) 
for any augmentation eg. 

Proposition 5.11. If ei = 62 in Aug+, then A’ei = ye 2 in yAug- 
Proof. According to Proposition 3.23, we have a map 

y- : Aug+ —)■ yAug- 

e HA Hom_(-,e). 

The fact that the identity in Hom+ acts trivially on the space Hom_ under the morphisms in Propo¬ 
sition 3.23 implies that this is a unital morphism of categories. It follows that the image of an 
isomorphism in Aug+ is an isomorphism in yAug- . □ 

Corollary 5.12. Ifei = 62 in Aug+, then 

/f*Hom_(ei, eg) = iJ*Hom_(e 2 , eg) ane? if*Hom_(e 3 , ei) = if*Hom_(e 3 , e 2 ) 

for any augmentation eg. 


5.3.2. DGA homotopy. 

Another notion of equivalence that has appeared in the literature is DGA homotopy [Kal05, 
Henll, EHK, HR14]. This arises from viewing augmentations as DGA maps from (.4., d) to (r, 0) 
and considering an appropriate version of chain homotopy for DGA maps. 

Definition 5.13. Two DGA maps /i, /2 : {Ai, df) —)■ {A 2 , (^ 2 ) are DGA homotopic if they are chain 
homotopic via a chain homotopy operator K : Ai ^ A 2 which is an (/i, / 2 )-derivation. This means 
that 

• K has degree -1-1, 

• /i - /2 = d 2 K + Kdi, and 
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• K{x ■ y) = K{x) ■ f 2 {y) + ■ K{y) for allx,i/ G Ai. 

Note that if K is an (/i, / 2 )-derivation and /i and /2 are DGA maps, then it suffices to check the 
second condition on a generating set for Ai. In addition, if Ai is freely generated by Oi,..., Ofc, 
then, once fi and /2 are fixed, any choice of values K{ai) G A 2 extends uniquely to an (/i, / 2 )- 
derivation. Although it is not immediate, DGA homotopy is an equivalence relation on the set of 
DGA morphisms from (^ 1 , 9i) to (^ 2 , ^ 2 ) (see e.g. [FHTOl, Chapter 26]). 

We will show that if A is a Legendrian knot with a single base point, then two augmentations of 
^(A) are isomorphic in Augj^{K^ r) if and only if they are DGA homotopic as DGA maps to (r, 0). 
To do this, we compute with m-copies constructed from the Lagrangian projection as described 
in Section 4.4.1. For any 61,62 G Aug+, Hom+( 6 i, 62 ) is spanned as an r-module by elements 
af,x^,y^. The af are dual to the crossings aP of the 2-copy, which are in bijection with the 
generators Oi,..., of ^(A), while and y^ are dual to the crossings and y^‘^ that arise from 
the perturbation process. 

The definition of Aug+ together with the description of the differential in A^ = A{Kj) from 
Proposition 4.26 lead to the following formulas. 

Lemma 5.14. In Hom+( 6 i, 62 ), we have 

'Yl 'Yh • • • hi_i)e2{hi+i ■ ■ ■ 6 „)a+; 

aj,bi,...,b„ uGA{aj-,bi,...,bn) l<l<n 

rniiy^) = (ei(P"^e2(P - -f ^ (62(0^) - (-l)l“'l6i(ai))a+; 

i 

mi{x~^) G Spanj.{ap ..., a^}. 

Here we abuse notation slightly to allow the bi to include the base point on A as well as the corre¬ 
sponding generators The factor au G {±1} denotes the product of all orientation signs at the 
corners of the disk u, i.e. the coefficient of the monomial w{u) (see Section 2.2). 

We remark that if 61 and 62 are homotopic via the operator K, then we have 61 (f) — 62 (f) = 
d^s-Kf) -\- K{dt) = 0 and so 61 (f) = 62 (f). 

We will also need the following properties of composition in Aug+. 

Lemma 5.15. Assume that the crossings ai,... ,ar of the xy-projection of A are labeled with in¬ 
creasing height, h(ai) < h(a 2 ) < ... < h(ar). 

For any 61 , 62 , 63 , the composition m 2 : Hom+( 62 , 63 ) ® Hom+(6i, 62 ) —)■ Hom+(6i, 63 ) satisfies 
the following properties. 

• m 2 {af ^Oj) G SpaUj. {a]*” | I > max{i, j)} for all i and j, 1 < i, j < r. 

• Each ofm 2 {x~^,af), m 2 (af ,x~^), and m 2 (x~^, x~^) belongs to Spanj.jaj'" | 1 < f < r} for 
1 <i <r. 

• For any a G Spanj.{ap ..., af, x+, y^}, we have 

7712 ( 1 /+, a) = m 2 {a, 7 /+) = -a. 

Proposition 5.16. Consider an element a G Hom° ( 61 , 62 ) of the form 

a = - 7 /+ - y^^K{ai)aj. 
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Then mi (a) = 0 if and only if the extension of K to an (ei, € 2 )-derivation, K ■. A ^ is a DGA 
homotopy from ei to € 2 . 

Proof We note that ei(aj) = (—l)l“*lei(ai) for all i, sinee ei is supported in grading 0. Using 
Lemma 5.14, we eompute 

-mi (a) = mi(i/+) + ^/f(ai)mi(a+) 


^[€ 2 ( 0 ^) -ei(aj)]a+ 




\ 


(Tueiipi-■ ■hi_i)e2{hi+i-■-hn 


bi=ai 


- ei{aj)]a+ 


( 


E 




^ ^ (_l)|fei-'^<-il^^ei(6i ■ ■ ■ h.f)K{hi)e2{h^x ■■■bn) 


6i,...,6n l<l<n 

\u£A{aj;bi,...,b„) 




/ 


y^ 62(0^) - ei(aj) + Ko d{aj) 


where K denotes the unique (ei, € 2 )-derivation with K{aj) = K{aj). (The innermost sum above is 
equal to K^daf only onee we also inelude the terms where bi = but = 0 sinee it must 

be an element of r with grading 1, so this does not ehange anything.) Therefore, mi (a) = 0 if and 
only if the equation 

ei — €2 = K o d 

holds when applied to generators, and the proposition follows. □ 


We ean now state our result relating notions of equivalenee. 

Proposition 5.17. If A is a knot with a single base point, then two augmentations ei, €2 : .A(A) —)■ r 
are homotopic as DGA maps if and only if they are isomorphic in Augj^{A). 

Proof First, suppose that ei and €2 are isomorphie in H*Augj^. In partieular, there exist eoeyeles 
a G Hom°(ei,e 2 ) and /3 E Hom°(e 2 ,ei) with [m 2 {a, jd)] = —[y~^] in if°Hom+(e 2 , € 2 ). That is, 
m 2 {a, (d)+y'^ = mi{'y) forsome 7 G Hom+(e 2 ,e 2 ). Using Lemma 5.14, we see that {mi{y),y'^) = 
{mi{y),x^) = 0, where {mi{y),y^) denotes the eoeffieient of y^ in mi( 7 ) and so forth. Thus we 
ean write 

m2(a,/3) = - 1 /+ + y^iL(ai)a+ 

i 

for some K{ai) G r. (To see that (mi( 7 ),T+) = 0, we used the faet that we are working in 
Hom+(e 2 ,e 2 ), henee {mi(i/+),x+) = 0.) Moreover, Lemma 5.15 shows that both a and (d must 
also have this same form, exeept that the y^ eoeffieients need not be — 1 : we have {a,y^) = and 
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(«,?/■'■) = C /3 for some Ca^cp G with CaCp = 1. (Note that (a,x'^) = (/5,x+) = 0 beeause a 
and (3 are both elements of Hom° , whereas |t+| = 1.) Replaeing a and (3 with —c~^a and —Cp^f3 
respeetively preserves m 2 (a, /3) and mi (a) = mi{f3) = 0, so we ean assume that both a and [3 have 
i/^-eoeffieient equal to —1 after all. Now, sinee mi (a) = 0, Proposition 5.16 applies to show that ei 
and 62 are homotopie. 

Conversely, suppose that ci and 62 are homotopie, with K : ^ r an (ci, 62 )-derivation with 
61 — 62 = Kod. Note that sinee r sits in grading 0 when viewing (r, 0) as a DGA, we have K(ai) = 0 
unless I Oil = — 1 in As \af\ = |aj| + 1, it follows that 

a = -y^ -^K{ai)al 

i 

defines a eoeyele in Hom° ( 61 , 62 ) by Proposition 5.16. We show that [a] G if°Hom+( 6 i, 62 ) has a 
multiplieative inverse in if°Hom+( 62 , 61 ). In faet, we prove a stronger statement by showing that 
there are elements / 3,7 G Hom° ( 62 , 61 ) satisfying 

(5.2) 77ii(/g) = mi( 7 ) = 0 

and 

(5.3) m2{/3,a) = m2{a,'y) = -y^. 

It will then follow that [{3] = [ 7 ] G if°Hom+( 62 , 61 ) is the desired multiplieative inverse. (It is not 
elear whether /3 = 7 as eoehains, sinee the m 2 operations may not be assoeiative if m 3 is nontrivial.) 
We will eonstruet [3 of the form 

P = -y^ + 

i 

and omit the eonstruetion of 7 whieh is similar. 

Writing ol = —y'^ — A and (3 = —y^ + B with A,B e Span^.la)*',... ,a+}, we note, using 
Lemma 5.15, that m 2 (/ 3 , a) = —y^ is equivalent to 

B = A + m2{B, A). 

The eoeffieients Bi ean then be defined induetively to satisfy this property. Indeed, assuming 
Ol,..., Or are labeled aeeording to height. Lemma 5.15 shows that the eoeffieient of al in m 2 {B, A) 
is determined by A and those Bj with j < i. 

Now that we have found (3 = —y^ + B satisfying (5.3), we verify (5.2). The A^o relations on 
Aug+{A) imply that 

mi{-y^) = mi{m2{/3, cr)) = m 2 (mi(/?), a) + m2{/3, mi{a)), 

and the left side is zero sinee we evaluate mi(— 1 /+) in Hom_|_( 6 i, 61 ), while the term m2{l3, mi{a)) 
on the right side is zero sinee mi (a) = 0 ; henee 

m2(mi(/3),a) = 0 . 

We elaim that m 2 (A, a) = 0 implies that X = 0 for any X G Spanj.{|/+, af ,..., a+}; in the 
ease X = mi{(3), it will immediately follow that mi{j3) = 0 as desired. Using Lemma 5.15, we 
have that m 2 (X, A) G Spanj.ja)*',..., a+}, so 

0 = m 2 (X, a) = m 2 (X, -i/+ - A) = X - m 2 (X, A), 

whieh implies that X = m 2 (X, A) G Span^.la)*',..., a+} as well. That (X, af) = 0 is then verified 
from the same equation using Lemma 5.15 and induetion on height. □ 
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Corollary 5.18. Let Li, L 2 be exact Lagrangian fillings of a Legendrian knot A with trivial Maslov 
number, and let be the corresponding augmentations of the DGA of K. IfLi, L 2 are isotopic 

through exact Lagrangian fillings, then — 6^2 

Proof From [EHK], given these hypotheses, are DGA homotopic. □ 

Remark 5.19. As before, we can generalize Corollary 5.18 to exact fillings of Maslov number m as 
long as we consider Auqj^ to be (Z/m)-graded rather than Z-graded. 
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6 . Localization of the augmentation category 
A preferred plat diagram of a Legendrian knot in M3 

ean be split along vertieal lines whieh avoid 
the erossings, eusps, and base points into a sequenee of “bordered” plats. Eaeh of these bordered 
plats was assigned a DGA in [Sivll], generalizing the Chekanov-Eliashberg eonstruetion.^ Here 
we generalize the ideas of [Sivl 1] to yield the following result. 

Theorem 6.1. Let A C J3(M) be in preferred plat position. Then there is a constructible co-sheaf 
ofdg algebras over M with global sections .4,(A). 

The sections A{^){U) are all semi-free, and we have a co-sheaf in the strict sense that the under¬ 
lying graded algebras already form a co-sheaf. 

We will prove this result over the eourse of this seetion, but first we interpret it and draw several 
corollaries. 

The statement means the following. Eor each open set [/ C M, there is a DGA A{K){U). When 
V C U, there is a map (defined by counting disks) Lyu '■ —)■ ^(A)((/). Eor W (Z V <Z U, 

one has lvu^wv = t^wu- Einally, when U = LVJv R, one has a pushout in the category of DGA 

A{R){U) = A{R){L) A^(A)(y) A{R){R). 

Cosheaves are determined by their behavior on any base of the topology; to prove the theorem 
it suffices to give the sections and corestrictions for open intervals to open intervals and prove the 
cosheaf axiom for overlaps of intervals. We give a new construction of these sections, which is 
equivalent to that of [Sivl 1] were we to restrict to mod 2 coefficients. 

Corollary 6.2. Augmentations form a sheaf of sets overThat is, U h-)■ HomDGA(^(A)((/), r) 
determines a sheaf. 

Proof. Given (7 = LUyi?, suppose we have augmentations : ^(A)(L) —rande/? : ^(A)(i?) —)■ 
r such that eiW = ° i^vl equals crIv = cro lyr as augmentations of ^(A)(l/). By the pushout 

axiom above, there is a unique e ; ^(A)((7) —rsuchthate^ = eocm = eliande^ = eoiJ^^ = e\R, 
verifying the gluing axiom. □ 

Corollary 6.3. Fix a global augmentation e : Al(A) —r. This induces local augmentations e\u : 
^(A) (f/) —)■ r, which determine Ago algebras C^{U). The co-restriction maps of the DGA determine 
restriction maps of the G^(f/), and the association U —)■ C‘^{U) is a sheaf of A^o algebras. 

^ In [Sivll], mod 2 coefficients were used, and the language of co-sheaves was avoided. There the vertical lines 
bounding a bordered plat diagram T on the left and right are assigned “line algebras” and if, and a “type DA” algebra 
A(T) was associated to the oriented tangle T along with natural DGA morphisms if —> A(T) and if —> A(T). If T 
decomposes into two smaller bordered plats as T = Ti U T2, with the two diagrams intersecting along a single vertical 
line with n points whose algebra is denoted if^, then these morphisms fit into a pushout square 

( 6 . 1 ) lA - ^A{T2) 

A{Tf - ^A{T) 

and the corresponding morphisms if A{T) and if A{T) corresponding to the left and right boundary lines of T 
factor through the morphisms if —>■ AfTf and if —>■ A{T2) respectively. 

In the present treatment, the line algebras are the co-sections over a neighborhood of a boundary of the interval in 
question, the DGA morphisms above are co-restrictions, and the pushout square reflects the cosheaf axiom. 
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Proof. This follows formally from Theorem 6.1 and Proposition 2.7. Note the statement is asserting 
the existenee of ^oo restrietion morphisms and A^o pushouts. □ 

The definition of the augmentation eategory of A proeeeded by first forming an m-eopy A™ and 
then using the eorresponding to define and eompose horns. Exaetly the same eonstruetion ean be 
made for a restrietion A| ji([/) for f/ C M. 

Corollary 6.4. There exists a presheaf of A^o categories r) with global sections r), 

given by sending U to the augmentation category of h\ji(jjy Denoting by Augj^{A, r)~ its sheafifi- 
cation, the map Aug+{A,T){U) —)■ Aug+{A,T)'"{U) is fully faithful for all U. 

Proof This follows formally from Corollary 6.2 and from applying Corollary 6.3 to the front pro- 
jeetion m-eopy for eaeh m. □ 

Remark 6.5. The presheaf of eategories Aug+{A, r) need not he- a sheaf of eategories. That is, the 
map Aug+{A, t){U) — Aug+{A, r)~(f7) need not be essentially surjeetive. In faet, it never will be 
unless A earries enough base points. This may seem strange given Corollary 6.2, but the point is that 
objeets of a fibre produet of eategories B XqD are not the fibre produet of the sets of objeets, i.e. not 
pairs (6, d) sueh that b\c = d\c, but instead triples (6, d, f) where f -.hf = d\c is an isomorphism in 
C. The objeets of the more naive produet, where 0 is required to be the identity, will suffiee under 
the eondition that the map B ^ C has the “isomorphism lifting property,” i.e., that any isomorphism 
m ~ c' in C lifts to an isomorphism 6 ~ 6' in B. We will ultimately show that this holds for 
restrietion to the left when A has base points at all the right eusps, and eonelude in this ease that 
Aug+(A, r) is a sheaf. 

We now turn to proving Theorem 6.1. Let [/ C M be an open interval, and T C J^{U) be a 
Legendrian tangle transverse to We will assume that T is oriented, that its front projeetion 

is generie and equipped with a Maslov potential p sueh that two strands are oriented in the same 
direetion as they eross dJ^{U) if and only if their Maslov potentials agree mod 2. Suppose that T 
also has fc > 0 base points, labeled *aiAa 2 i ■ ■ ■ i *a-k distinet positive integers aj. 

We require that any right eusps in T abut the unbounded region of T eontaining all points with 
z 0, whieh ean be arranged by Reidemeister 2 moves, but whieh will eertainly be the ease if T 
eomes from a preferred plat. We will let and denote the number of endpoints on the left and 
right sides of T, respeetively. 

Definition 6.6. The graded algebra A{T) is freely generated over Z by the following elements: 

• Pairs of left endpoints, denoted Oij for 1 < i < j < ul- 

• Crossings and right eusps of T. 

• A pair of elements for eaeh j, with ■ t~j = t~j ■ ta^ = f. 

These have gradings |c| = /i(sover) — /r(sunder) for erossings, 1 for right eusps, and 0 for and 
\aij I = p{i) — /i(j) — 1. We take the Maslov potential p to be Z/2r-valued for some integer r, whieh 
may be zero; if T eomes from a Legendrian link A, as in Theorem 6.1, then we will generally take 
r to be the ged of the rotation numbers of the eomponents of A. 

The differential d is given on the taj by = 0 and on the Oij by 

doij = ^ 

i<k<j 
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For crossings and right cusps, we define dc in terms of the set A(c; 6i,..., 6/), whieh eonsists of 
embeddings 

u:{DldDf)^(R^nUT)) 

of a boundary-punetured disk Df = \ {p, gi,..., g/} up to reparametrization. These maps must 
satisfy u{p) = c; u{qi) is a erossing for eaeh i, exeept that we ean also allow the image u{Df) to 
limit to the segment [z, j] of the left boundary of T between points z < j at a single puneture g^; and 
the T-eoordinate on u{Df) has a unique loeal maximum at c and loeal minima precisely along [z, j] 
if it oeeurs in the image, or at a single left eusp otherwise. For eaeh sueh embedding we define w{u) 
to be the produet, in eountereloekwise order from c along the boundary of u{Df), of the following 
terms: 

• Cj or (— a eorner Cj, depending on whether the disk oeeupies the top or bottom 

quadrant near c^; 

• tj or at a base point *j, depending on whether the orientation of u{dDf) agrees or 
disagrees with that of T near *j; 

• ttij at the segment [z, j] of the left boundary of T. 

We then define dc = uj{u), and note that if c is a right eusp then this also ineludes an “invisible” 
disk u with w{u) = 1 or depending on whether there is a base point at the eusp. 

We remark that the differential d on A(T) is defined exaetly as in the usual link DGA from 
Seetion 2.2, exeept that we enlarge the eolleetion A(c; bi,... ,bi) of disks by also allowing the x- 
eoordinate of a disk to have loeal minima along some segment [z, j] of the left boundary of T, in 
whieh ease it eontributes a faetor of a^, rather than at a left eusp. 



1 

2 

3 


Figure 6 . 1 . An example of a bordered front T. 

Example 6.7. The oriented front T in Figure 6.1 has differential 

dx = 034 dais — oi2fl24 dai4 = 012024 ~ 013 O 34 

dy = ^2024 + f2023T 5o24 = “0230-34 da25 = “O 23 O 35 — O 24 O 45 

dz = 1 + O35 — TO45 dass = O34O45 dais = O12O25 — O13O35 — O14O45 

and 9oi_j+i = 0 for 1 < z < 4. Note that the orientation suffiees to determine the signs, sinee 
(_l)|c|+i — (resp. (— l)l“»zl+i = 1 ) if and only if both strands through c (resp. through points z 
and j on the left boundary of T) have the same orientation from left to right or viee versa. 

Proposition 6.8. The dijferential d on A(T) has degree —1 and satisfies d"^ = 0. 
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Proof. The claim that deg(c?) = — 1 is proved exactly as in [Sivl 1]. In order to prove = 0, we will 
embed T in a simple (in the sense of [Ng03]) front diagram for some closed, oriented Legendrian 
link L so that (A{T), d) is a sub-DGA of {A{L), d), and then observe that we already know that 
= 0mA{L). 



Figure 6.2. Embedding the bordered front T in a simple front diagram of a closed link. 


Figure 6.2 illustrates the construction of L. We glue the n^-copy of a left cusp to the left edge 
of T, attaching the top ul endpoints to T, and similarly we glue the riR-copy of a right cusp to the 
right edge of T along the bottom ur endpoints. We then attach the n^-copy of a left cusp, placed 
to the left of this diagram, by gluing its top ur endpoints to those of the UR-copy of the right cusp, 
as shown in the figure; the resulting tangle diagram has ur + nR points on its boundary, which 
is represented as the dotted line at the bottom, and it is an easy exercise to check that the tangle 
is oriented to the left at as many endpoints as to the right. Thus we can add some crossings and 
right cusps to the tangle in any way at all, as long as they intersect the tangle diagram exactly at its 
endpoints and the resulting link diagram is simple, to produce the desired front for the link L. Since 
T embeds in L as an oriented tangle, its Maslov potential jj, mod 2 extends to a potential jl on the 
front diagram for L. 

The n^-copy of the left cusp which was glued to the left end of T has crossings; we will let 
aij denote the crossing between the strands connected to points i and j on the left boundary of T. 
Then \aij\ = jl{i) — jl{j) — 1 since the overcrossing strand has potential jl{i) — 1, so \aij\ = \aij\ 
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(mod 2) and thus we verify that 

daij = ^ 
i<k<j 

Moreover, given a right cusp or crossing c of T, any u G A(c; 6i,..., 6;) which intersected this left 
boundary between points i and j now extends in L to a unique disk with the same corners as before, 
except that the puncture along the dividing line is replaced by a comer filling the top quadrant at aij. 
Thus the differentials d_A{^L)Oiij and d_A{L)C are identical to and (9^(r)(c), except that we 

have replaced each with aij, and this identifies A{T) as a sub-DGA of A{L) (after potentially 
reducing the gradings mod 2) as desired. □ 

Remark 6.9. A particularly important special case occurs when T contains no crossings, cusps, or 
base points at all; i.e., T consists merely of n horizontal strands. The resulting algebra is termed the 
line algebra, and denoted or /n(/i) to emphasize the dependence of the grading on the Maslov 
potential. It is generated freely over Z by ( 2 ) elements aij, 1 < i < j < n, with grading \aij\ = 
^{i) — /r(j) — 1 and differential 

i<k<j i<k<j 

If V C f/ is an open interval, T|y := T|ji(y) retains the properties assumed above of T, and 
moreover inherits a Maslov potential. Thus there is an algebra .4,(T|y). It admits maps to .4,(T), as 
we explain: 

Lemma 6.10. Let V C U be an open interval extending to the left boundary ofU. Then .4,(T|y) is 
naturally a sub-DGA of A{T). 

Proof The generators of .4,(T|y) are a subset of the generators of .4,(T), and the differential only 
counts disks extending to the left, so the differential of any generator of .4,(T|y) will be the same 
whether computed in V or in [/. □ 

In fact, there is a similar map for any subinterval. It is defined as follows. Let V C 17 be a 
subinterval. Then the map i-yu : .4,(T|y) —.4,(T) takes the generators in .4,(T|y) naming crossings, 
cusps, and base points in T|y to the corresponding generators of A(T). The action on the pair-of- 
left-endpoint generators of 7l(T| y) - denoted bij to avoid confusion - is however nontrivial: i-vu (hj ) 
counts disks extending from the left boundary of V to the left boundary of U, meeting the boundary 
of V exactly along the interval named by bij. 

More precisely, we define a set of disks A{bij; ci,..., q) to consist of embeddings 

which limit at the puncture p G dD^ to the segment of the left boundary of V between points i and 
j, and which otherwise satisfy the same conditions as the embeddings of disks used to define the 
differential on .4,(T) for crossings. We then define Lyu for tho generator bij by 

kvuibij) = Y ^Y)- 
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Example 6.11. For the front in Figure 6.1, let 1/ C U denote a small open interval of the right 
endpoint of U, so that T|y has no erossings, eusps, or base points and A{T\v) = h- Then the 
morphism iyu '■ h —^ satisfies 


t'Vu{bi2) = tiQu + ^ 1 * 7133 ^ + ^ 1 * 712^2 U 

^VC/(^23) = 0. 


Proposition 6.12. The above map iyu '■ •A~{T\v) —)■ A{T) is a morphism ofDGAs. 

Proof. It is straightforward to eheek that ivuihj) has grading \bij\, exaetly as in [Sivll]. In order 
to prove that d o iyjj = o d for eaeh of the generators bij, we embed the leftmost region of 
T|{/\y (i.e. everything to the left of V) in the elosed link L shown in Figure 6.2, realizing A{Tl) as a 
sub-DGA of A{L) just as in the proof of Proposition 6 . 8 . Let ur denote the number of endpoints on 
the right side of T^, or equivalently the number of left endpoints of T|y. We identify the generator 
jSi of A{L), 1 < i < Ur, as the erossing or right eusp of L immediately to the right of Tj, on the 
strand through point i. We note for the sake of determining signs that 


|/3i| = [pinn) + 1) - p{i) = p{i) - piriR) - 1 (mod 2), 


henee (— \l^k\ — ^^ 

We will now show that dfvuibij)) = ivuidbif follows from d‘^[3j = 0 for eaeh i < j. We first 
eompute 






Sinee this sum vanishes, so does the eoeffieient of Pi, whieh is equal to Lvu{dbij) — d{ivuibij)). We 
eonelude that iyu o d = d o lvu on the subalgebra generated by the bij. 

It remains to be seen that iyu (dc) = dfvu (c)), where c G A{T | y) is a generator eorresponding to 
a erossing or right eusp of T|y. But we eompute ivu{dc) by taking all of the appropriate embedded 
disks in T|y, some of whieh may limit at punetures to the segment of the left boundary of T|y 
between strands i and j, and replaeing the eorresponding bij with the expression i.vu{bij)- The 
resulting expressions eoming from all terms of dc with a b^ faetor eount all of the embedded disks 
u G A(c; 6i,..., 6;) in T whieh eross the left end of T|y along the interval between strands i and 
j. Summing over all i and j, as well as the terms with no b^ faetor eorresponding to disks in T|y 
whieh never reaeh the left end of T|y, we see that Lyu{dc) eounts exaetly the same embedded disks 
in T as the expression dfvuic)), hence the two are equal. □ 


Finally, we check that the co-restriction maps Lyu satisfy the co-sheaf axiom. 
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Theorem 6.13. Let U = L Uy R, where L, R are connected open subsets of M with nonempty 
intersection V. Then the diagram 


AiT\v) ^ AiT\n) 


l-VL 


l-RU 


AiTf)^^AiT) 


commutes and is a pushout square in the category ofDGAs. 


Proof The proof is exactly as in [Sivl 1]. If c G A{T\v) is the generator corresponding to a crossing, 
cusp, or base point of T\v, then both iiui^-VLic)) and tRuit'VRic)) equal the analogous generator of 
A{T). Otherwise, if bij G A{T\v) is a pair-of-left-endpoints generator, then tvRibij) is the corre¬ 
sponding generator of A{T\r), and if we view A{T\l) as a subalgebra of A{T) as in Lemma 6.10 
then Lviibij) and tRuii'VRibij)) are defined identically. Thus the diagram commutes. 

Now suppose we have a commutative diagram of DGAs of the form 


A{T\v) ^ A{T\r) 


bVL 

'' 


AT\l) 


Jl 


/h 

A 


where A is some DGA. If / : A{T) —)■ .4, is a DGA morphism such that fc = f ° i^lu and 
/r = / o iRu, then / is uniquely determined by fi on the subalgebra A{T\l) C A{T), and since 
ft is a DGA morphism, so is /U(r|£)- Any generator c G A{T) which does not belong to A{T\l) 
corresponds to a crossing, cusp, or base point of T|ij, meaning that c = iRuid) for some generator 
d G A{T\r), so we must have /(c) = /r(c') and 

d{f{c)) = 5 (/r(c')) = fR{dc) = f{LRu{dc')) = f{d{iRu{c'))) = f{dc) 

since /r and lru are both chain maps. It is easy to check that this specifies / as a well-defined DGA 
morphism, and since it is unique we conclude that the diagram in the statement of this theorem is a 
pushout square. □ 

This completes the proof of Theorem 6.1. 










AUGMENTATIONS ARE SHEAVES 


73 


7. Augmentations are sheaves 

It is known that some augmentations arise from geometry: given an exaet sympleetie filling 
{W, L) of (V, A), we get an augmentation 4){w,l) by sending eaeh Reeb ehord to the eount of disks 
in {W, L) ending on that Reeb ehord. But not all augmentations ean arise in this way; see the In- 
troduetion. It is natural to hope that more augmentations ean be eonstrueted by “filling A with an 
element of the derived eategory of the Fukaya eategory,” but making direet sense of this notion is 
diffieult. Instead we will pass from the Fukaya eategory to an equivalent eategory Sh{A, /r; r) intro- 
dueed in [STZ14]: eonstruetible sheaves on whose singular support meets in some subset 

of A C C with eoefficients in r. 

In this seetion we realize this hope, by identifying the subeategory Ci(A,/i;r) C S'/i(A,/i;r) 
of “microlocal rank-one sheaves” having acyclic stalk when z 0 - i.e., those corresponding to 
Lagrangian branes with rank-one bundles - with the category of augmentations. 

Theorem 7.1. Let Abe a Legendrian knot or link whose front diagram is equipped with a T^-graded 
Maslov potential p. Let Ik be afield. Then there is an A^o equivalence of categories 

Aug+ (A, /i; k) Ci (A, /r; k). 

Remark 7.2. As defined in Section 4, the augmentation category Aug+{A] k) depends on a choice 
of Maslov potential p on A, but we have suppressed p in the notation up to now. If A is a single¬ 
component knot, then both categories in Theorem 7.1 are independent of the choice of p. 

Remark 7.3. More generally, one can consider A equipped with a (Z/m)-graded Maslov potential 
where m \ 2r(A), and define the category of (Z/m)-graded augmentations; see Remark 4.4. There is 
a corresponding category of sheaves for m-periodic complexes, and we expect that the equivalence 
in Theorem 7.1 would continue to hold in this more general setting, with proof along similar lines. 
However, in this paper, we restrict ourselves to the case of Z-graded Maslov potential; in particular, 
A must have rotation number 0. 

Sketch of proof of Theorem 7.1. (A detailed version comprises this entire section.) As both the aug¬ 
mentation category and the sheaf category are known to transform by equivalences when the knot 
is altered by Hamiltonian isotopy (from Theorem 4.20 and [STZ14], respectively), we may put the 
knot in any desired form. Thus we take K to be given by a front diagram in plat position, say with n 
left cusps and n right cusps. Since both the categories Aug+ and Sh are given by the global sections 
of sheaves of categories over the x-line, to define a map between them, it suffices to give this map 
on any base of the topology of the x-line, compatible with restriction. We choose our base to be all 
open intervals so that the front diagram above them contains only one interesting feature of the knot. 
That is, the picture above this interval must be one of the four possibilities shown in Figure 7.1. 

To facilitate the proof we introduce in Section 7.1 yet a third category, MC. It is a categorical 
formulation of the Morse complex sequences of Henry [Henll]. We define it locally, so it is by 
construction a sheaf on the x-line. It is a dg category, and significantly simpler than either the 
augmentation category or the sheaf category. 

In Section 7.2 we calculate the local augmentation categories, and then define locally equivalences 
of Aoo categories f) : Aug+ — MC. Then in Section 7.3 we calculate the sheaf categories, and 
produce equivalences of sheaves of dg categories x : MC —)■ Ci. 

Composing these functors and taking global sections, we learn that there is an equivalence Augf — 
Cl, where Augf is the global sections of the sheafification of the augmentation category. This has, a 
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Figure 7.1. Front diagrams for an n-strand knot, n = 6. Clockwise from the upper 
left: n-lines =„, erossing (with k = 3), right eusps >-, left eusps -<. The numbers 
represent strand labels, not Maslov potential values. Ignore the dotted lines in the 
lower right; they play no role exeept in the proof of Proposition 7.44. 


priori, more objects than Auqj^. In fact this is already true for the unknot without base points - the 
sheaf eategory, hence Aug"^, has an objeet, whereas Auqj^ does not — see Seetion 4.4.2. However, 
by cheeking the eriterion of Lemma 7.4, we learn that when A has a base point at each right cusp, 
the augmentation category indeed forms a sheaf, giving the desired result. 

We should elarify slightly what is meant by a morphism of sheaves of A^o categories: the restric¬ 
tion maps on Horn spaces need not eommute on the nose with restriction, but only up to a specified 
homotopy. (That is, the homotopy is part of the data of the map. Higher homotopieal information 
need not be eonsidered beeause we are working with sheaves over a one-dimensional base.) □ 

Lemma 7.4. Let C be a constructible sheaf of categories on a line, with respect to a stratifica¬ 
tion Z with zero dimensional strata Zi and one-dimensional strata = (zi,Zj+i). There are 
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generization maps 

Ac,, 

By the sheaf axiom, if Zi < Zj+i < ... < Zj are the zero dimensional strata in the interval (a, b), 
then 

C((a, 6)) = C,. Xc{ui^i+i) A+i X ... X Czy 

Objects of this fibre product are tuples ^j+i,..., fi^i+i ,..., where e C,^^ and fk,k+i ■ 

Pni^k) Pii^k+i) Is an isomorphism in C. 

This fibre product contains a full subcategory 

if^Zi Xc(ui_i+i) ^Zi+i X ... X Cz^)strict 

in which the fk,k+i must all be the identity morphism, i.e., pni^k) = Pii^k+i)- 

We now state the lemma. Assume all pi have the “isomorphism lifting property,” i.e., that any 
isomorphism fi : f is in fact the image under p^ of some isomorphism ^ ~ Then the 

inclusion of the strict fibre product in the actual fibre product is an equivalence. 

Proof. Fix an object • • •, By induction, we can find an equivalent ob¬ 

ject for which all / save fj-i,j are the identity; we may as well assume this from the start. Applying 
the isomorphism lifting property to the (inverse of the) map fj-ij : pR{^j-i) ~ PlUj), we find 
some object e C,^. and equivalence -0 : ~ such that PL{i'j) = pR{ij-i) and pcif) = 

But then replacing with gives the desired strict object, and the map induces the desired 
equivalence with the original object. □ 

Remark 7.5. The lemma is asking for a weak fibration-like condition on the restriction maps. The 
full strength of being a fibration is not needed because we are only discussing objects, and moreover 
only discussing sheaves on a line. We stated it for categories rather than Aoo-categories; we will 
use it in the latter case, the only change required in the statement is that “isomorphism” should be 
understood correctly, i.e. as “closed degree zero isomorphism.” 

Remark 7.6. Note that to verify the lemma for the augmentation category, it is necessary to compute 
all the local categories and restriction functors. This will complete the proof that augmentations are 
sheaves. 

Remark 7.7. A more down to earth way to describe what is going on is the following. We split the 
front diagram of the knot into a union of pieces U U ■ ■ ■ U U Tr, where 

• Tl consists of all n left cusps, 

• each Tfc. contains n strands, with a single crossing between the ki-th and (fcj + l)-st strands, 
and 

• Tr consists of all n right cusps. 

In each case we will determine the augmentation category of that piece, together with the relevant 
functors from it to the augmentation categories of the associated line algebras. These augmentation 
categories will form pullback squares dual to the diagram (6.1), so that the augmentation category of 
K can be recovered up to equivalence from this information. We do the same for the sheaf category, 
and match local pieces. 

More precisely, we must prove a compatibility among the equivalences and restrictions. It suffices 
to establish for each triple of Maslov-graded bordered plats {T,pi) — {=,p) ^ {T',pr) the 
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following diagram, commuting up to homotopies indicated by dotted lines: 

Aug+{T, hl) -^ Aug+{=, fx) - Aug+{T, hr) 


MC{T, /ii)-- MC{=, g) --MC'(T', gn) 


Ci(T, g^) 


Ci{=,g) 


C,{r,gR) 


(Note the homotopy may be the zero map.) Remember that each vertical line is an isomorphism. 


7.1. The Morse complex category. 


We define a constructible sheaf of dg categories on the x-line, denoted MC_, by sheafifying the 
following local descriptions. In this section “/i” should be viewed as providing fictional Morse 
indices. Throughout we work with a fixed ring r. 

7.1.1. Lines. 

Definition 7.8. For g : (1.. .n} —)■ Z, we write jg for the free graded r-module with basis 
|1),..., |n) where deg |i) = —g{i), and decreasing filtration ^jg ;= Span(|n),..., |A; + 1)). That is, 

^ig = V, ^//r = Span(|n),..., |2)), ••• = Span|n), ”//r = 0. 

Remark 7.9. (To be read only when referring back to this section from the sheaf category section.) 
The correspondence to sheaves takes ^jg to the stalk on the k-th line. 

Definition 7.10. Fix an integer n (the number of lines) and a function g : (1,..., n} —)■ Z. We 
define MC{=; g) to be the dg category with: 

• Objects: square-zero operators d on jg, which preserve the filtration on jg and are degree 1 
with respect to the grading on p. 

• Morphisms: B.omMc{=;^l)id, d') is Hom/j^f (//i,//i) as a graded vector space; i.e., it consists 
of the linear, filtration preserving maps jg —)■ jg and carries the usual grading of a Horn of 
graded vector spaces. Only its differential depends on d, d', and is 

D(j) = d' O (f) — ( —l)l'^l(;/) o d. 

• Composition: usual composition of maps. 

That is, we allow maps |j)(i| for i < j, i.e. lower triangular matrices, and 

deg \j){i\ = deg |j) - deg |i) = g{i) - g{j) 
and the differential is D(|i)(jD = d'\i){j\ — (—l)^d)-M(i)|^)(j|c^_ 

Lemma 7.11. Assume d = d'E MC{=] g). Then, for any k, 

• {k + l\d\k) = 0 if and only if {k + l\d'\k) = 0 
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• {k + l\d\k) G T* if and only if (k + l\d'\k) G r* 

Proof. By assumption, we have d = s~^d's for some lower triangular matrix s. As d, d' are strietly 
lower triangular, we have 

{k + l\d\k) = {k + l\s~^d's\k) = {k + + 1) ■ (A; + l\d'\k) ■ {k\s\k) 

and {k + + 1), {k\s\k) G r* since s is invertible. □ 

Remark 7.12. Over a field, Barannikov has classified the isomorphism classes of Morse complexes: 
each has a unique representative whose matrix in the basis |i) at most one nonzero entry in each row 
and column, and moreover these are all Is. 


7.1.2. Crossings. 

We now describe the Morse complex category /r) associated to a crossing between the k- 

th and (l)-st strands. It will be built from MC{=; jj). To define it we first note some equivalences 
between conditions. 

Lemma 7.13. Let d G MC{=, /i), and z & t. We write fin := fi o [k,k + 1) : {1,..., n} —)■ Z. We 
use |z) for the basis of //i, and liu) for the basis of jfiR. We identify these vector spaces by 

\iR) = \i) ij^k,k + l 

\kR) = \k + l) 

\k + lR) = \k) + z\k + l). 

Then the following are equivalent. 

• Under this identification, d G MC{=, pr). 

• We have z = 0 unless p{k) = p{k + 1), and we have {k + l\d\k) = 0. 

Proof. The condition d G MC{=, pr) means that deg Ijr) = —pR{j) and that d preserves the 
decreasing filtration fpR = Spandni?),..., + 1 r)). The first condition amounts to 2; = 0 unless 

p{k) = p{k + 1). As ^ipr = Span(|?7 ,),..., |z + 1)) = fip for i 7^ k but ^jpR ’^jp, the second 
condition is equivalent to {kR\d\k + 1r) = 0. Changing basis and recalling that d has square zero, 
hence {k + l\d\k + 1) = 0, this is equivalent to {k + l\d\k) = 0. □ 

Lemma 7.14. Let d, z and d', z' satisfy the conditions of Lemma 7.13, and let ^ G llomMCi=,fj.) {d, d'), 
i.e., it is a filtration preserving linear map ^ : ip ^ jp. Then the following are equivalent: 

• The map ^ preserves the filtration on jpR. 

• ^\k + 1r) G Span(|n'^), ... ,\k + If)). 

. {k + im=z'{k\i\k)-z{k + l\i\k + l). 

Proof. The first and second are equivalent since by assumption ^ already preserves the filtration 
on ]p, hence all but possibly one of the steps of the filtration of jpR. To check whether this step 
is preserved, we need to check {z'{k\ — (fc + 1|) {\k) + z\k + 1)) = 0; the fact that {k\^\k + 1) 
vanishes shows the equivalence of the second and third conditions. □ 
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Definition 7.15. Fix an integer n (the number of lines), and a funetion fi : {1,... ,n} — )• Z as 
before. We write /i.) for the dg eategory whose objeets are pairs (d, z) for d G MC{=, /i) 

and z G T, satisfying the equivalent eonditions of Lemma 7.13, and whose morphisms are those 
morphisms in MC{=, fx) whieh satisfy the equivalent eonditions of Lemma 7.14. The eomposition 
and differential are the restrietions of those of MC{=, fi). 


Definition 7.16. There is an evident forgetful dg funetor 

^ MC{=,p) 

(d, z) HA d. 

We define this to be the restrietion map to the left. 

Reeall pr\= po {k,k + 1), and the element 2 ; gives an identifieation : //r —)■ jfiR. Essentially 
by definition, we also have a dg funetor whieh on objeets is 


Pr:MC{^X;p) —)■ MC{=;pr) 


{d,z) HA 9z o do 9 


-1 


and on morphisms is given by 


PR : Hom^^^ _^^^((d, z), (d', z')) ^ 


}iomMc{=■,^l){0z O d O \ O d' O 9/) 
9,,o^o9-\ 


We define this to be the restrietion map to the right. 


Remark 7.17. Both restrietions are injeetive on horns at the ehain level, but of eourse need not be 
injeetive on horns after passing to eohomology. 

Proposition 7.18. Every object in MC{=; p) isomorphic to an object in the image of pi is already 
in the image of pi- Similarly, every object in MC{=] pr) isomorphic to an object in the image of 
Pr is already in the image of pr. 

Proof Objeets in the image are eharaeterized by (fc + l\d\k) = 0; by Lemma 7.11 this is a union of 
isomorphism elasses. □ 


7.1.3. Cusps. 

Let ‘V” denote a front diagram with n right eusps. Near the left, it is 2n horizontal lines, whieh 
we number 1, 2,..., 2n from top to bottom, and eaeh pair 2k — 1, 2k is eonneeted by a right eusp. 
We fix a funetion p : 2n} —)• Z, sueh that p{2k) + 1 = p{2k — 1). 

Definition 7.19. The eategory MC{>-,p) is the full subeategory of MC{=,p) on objeets d sueh 
that {2k — l|d|2fc) e r* for all 1 < < n. The left restrietion map pL : MC{>~,p) —>■ MC{=,p) 

is just the inelusion. 

Proposition 7.20. All objects in MC{>--, p) are isomorphic. 
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Proof. Let d G MC{>~; ff), we will show it is isomorphie to do = \‘2k){2k — 1|. Note that to do 

so means to given an invertible degree zero lower triangular matrix u, sueh that dou = ud. We take 
u := dod^ + f^d, so that sinee df = df^ = 0, we have 

dou = do{dod^ + d^d) = dod^d = {dod^ + dQd)d = ud. 

Moreover, u has degree zero sinee deg = — deg x, and also u is lower triangular sinee d, do 
are strietly lower triangular and dg has entries only on the first diagonal above the main diagonal. 
Finally, u is invertible sinee its diagonal entries are either Is or the {2k —1 \d\2k ), whieh are invertible 
by definition. □ 

Similarly, for a diagram of left eusps, we define 

Definition 7.21. The eategory is the full subeategory of MC(=,/i) on objeets d sueh 

that {2k — l\d\2k) G r* for all 1 < A; < n. The right restrietion map pn : MC{-<, p) —)■ MC{=, p) 
is just the inelusion. 

Proposition 7.22. All objects in MC{-<, p) are isomorphic. 


7.1.4. Sheafifying the Morse complex category. 

We observe that, eomparing Lemma 7.11 to the eharaeterizations of the image maps on the eross- 
ing and eusp eategories, the eondition of Lemma 7.4 is satisfied. Thus, we ean diseuss seetions of 
the sheaf of Morse eomplex eategories naively. 

7.2. Local calculations in the augmentation category. 

In this section, we determine the local augmentation categories for the line, crossing, left cusp, 
and right cusp diagrams. We conclude by proving that the presheaf of Aug+{K) is a sheaf when A 
is a front diagram with base points at all right cusps. 

Notation 7.23. Recall that if A{T) is the Chekanov-Eliashberg algebra of a tangle T, and ei, 62 : 
A{T) —)■ r are two augmentations, then Homyi„g^ (£1,^2) is generated by symbols dual to the names 
of certain Reeb chords in the 2-copy; specifically those chords from T (viewed as carrying 62) to its 
pushoff in the positive Reeb direction (viewed as carrying ei). 

Thus if T is a Reeb chord of T itself, it gives rise to a “long” chord in the 2-copy, and a 
corresponding generator G A{T‘^). There will however be additional “short” chords in the 
2-copy, and corresponding generators G Al(T^). Recall from Convention 4.25 that we write their 
duals in Hom^„g^(ei, 62 ) as x'^ := (x^^)^ and := {y^'^Y with |x’''| = |x| -f 1 and \y^\ = \y \ + 1 . 

Remark 7.24. We will find that applying the differential to any generator of any of the local DGAs 
gives a sum of monomials of word length at most 2. It follows that all higher compositions rrik 
in the respective augmentation categories will vanish for k > 3 — that is, all the categories will 
in fact be dg categories. The Aqo behavior, from this point of view, comes entirely from the right 
restriction map on the crossing category, pji : Augj^{^^, p) —)■ Aug+{=, p), which is an A^o but 
not a dg morphism, i.e. it does not respect composition on the nose, but only up to homotopy — see 
Theorem 7.31. 
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7.2.1. Lines. 


We write =„ or just = for the front diagram eonsisting of n horizontal lines, numbered 1.. .n 
from top to bottom. (See Figure 7.1, upper left.) Fix a Maslov potential /i : {1,... ,n} —)■ Z. 
The algebra A{=,^) of this tangle is freely generated by elements Uij, I < i < j < n, with 
\aij\ = /i(i) - /i(j) - 1, and 

i<k<j i<k<j 

Throughout this seetion we will let (—1)^ denote the matrix diag((—..., (— 
Package the generators into a strictly upper triangular matrix 


Then 


0 ai2 
0 0 


A := 


fll3 

^23 


0 0 0 
0 0 0 




a 


n—l,n 


0 


i<j 


dA= 


Theorem 7.25. There is a (strict) isomorphism ofdg categories 

f) : Aug+(=,p) MC(=,p). 

It is given on objects by: 

[e : A(=, p) ^T]v^[d= (-l)^e(2l)^ ; //i ^ p] 
and on morphisms Hom_ 4 „g^(ei, 62 ) —>■ HomMc(<^i) ^^ 2 ) by 

afj HA 

In other words: 

• e is an augmentation if and only if (—l)^e(A)'^ is a degree one, square zero, filtration pre¬ 
serving operator on jp. 

• For the i, j for which there’s an element afj G Hom+( 61 , 62 ), the operator |j)(i| preserves 
the filtration on jp, and this induces an isomorphism on underlying spaces of morphisms. 

• Degrees are preserved: 

dega,^ = F{i) - dU) = deg(|j)(i|). 

• The differential is preserved: \) o pi = d o \), where 

<i(lj>(*l) = {i.-ire,iAf)\j){i\ - (-ir'‘)-H>)|j)(i|((_i),,£,(.4)^). 

• The composition is preserved: i.e., the only nonvanishing compositions are 



compatibly with 
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Proof. First we show that the map makes sense on objeets, ie. a map e : A{=, fi) —r is an 
augmentation if and only if (—l)^e(y4)^ is a filtered degree 1 derivation on //i. As e{A) is up¬ 
per triangular, its transpose is lower triangular, henee preserves the filtration on p. The term 
{—iy^^Aij\j){i\ eontributes to (—l)'^e(A)^ only if \aij\ = /i(i) — /i(j) — 1 = 0, i.e. only if 
deg \j){i\ = /i(i) — /i(j) = 1, so {—lYe{AY is degree 1. Finally, the eondition e o 5 = 0 translates 
direetly into e((—l)^y4(—1)^A) = ((—l)'^e(y4))^ = 0, henee ((—l)^e(y4)^)^ = 0. 

Given two augmentations ei, e 2 : A{=, /x) —r, we eompute Hom+(ei, 62 ) by first building the 
two-eopy, whose algebra we denote A'^{=,fi). Its generator represents a segment to the r-th 
eopy of point i from the s-th eopy of point j (1 < r, s < 2); here we must have either i < j or i = j 
and r < s. There are (^ 2 "^) sueh generators. 

The Horn spaee is free on the generators a^, dual to the ajf and of degree 

lo-tjl = kul +1 = M- 

Sinee i < j, the image \j){i\ of afj is lower triangular and henee preserves the filtration on p, so $ 
is well defined and an isomorphism of underlying spaees. The grading of \j) (x| as an endomorphism 
of p is deg |j) — deg |i) = /i(i) — /x(j) = dega^, so $ is a graded map. 

The differential on the Horn spaee is given, aeeording to (3.1), by the formula 

■ Coeffai2(c)£a). 

aeTZ 


Here, e = (€ 1 , 62 ) is the pure augmentation of JY{=,Y) defined by e{a}j) = ei(ajj) and e{a^j) = 
£ 2 ( 0 ^) for i < j, and e(a[®) = 0 otherwise. 

For any generator ajj of J^, z < j, we have 

3a;|= 5^(-l)Kil«a“ag+ y^(-l)l“SI«a-ag 

i<k<j 


and sinee e(a F,) = <aE) = 0 , keeping only linear terms in the twisted differential, we have 
[linearpart]a,(a^/) = ^ ^ 

i<k<j i^k<j 


i<k<j 

Paekaging these generators into 

24[12] = 

this equation reads simply 

[linear partjOe^f^^' = (- 


aj? ajn 


i<k<j 


,12 


ni 

0 


0 

0 


12 "-13 

all all 


0 

0 


0 

0 


a. 


^In 

12 

l2n 


12 

n—l,n 


a. 


12 
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We however want to compute mi. This is given by 

i<r s<j 

5 ^e2(a,,)a+. 


(7.1) 


i<r 


s<j 


By comparison, we have 

ci(|s)(r|) = ((-l)^e 2 (A)^) \s){r\ - ((-l)''ei(y4)'^) 


. i<j 


. i<j 


i<r 

5 ^€i(Oir)|s>{'i| + 5Ze2(o.j)li>(r| 


= y^(-l)'‘“)£2(a.,)|j>{r 

s<j 


. t<r 


j>s 


since {—l)^^^h 2 {asj) = 0 unless /i(s) — /i(j) = 1. Multiplying both sides by (—and 
recalling that 61 ( 0 ^,.) = 0 (resp. 62 ( 05 ^) = 0 ) unless /r(i) = /i(r) + 1 (resp. /i(s) = /i(j) + 1 ), we 
have 

\ i<r s<j / 

i<r 

s<j 

i<r 

_l_ z e 2 (a,,) 

s<j 


So [) commutes with the differential on Horn spaces. It remains to show that [) commutes with the 
composition. 

We consider the algebra ^^(=, /r) associated to the 3-copy. This is generated by elements a[| as 
before, but now we have 1 < r, s < 3; in particular, we compute 

aa»= (-l)K.'l«aSag + (-l)K'.“l+VSag + (-l)l“SI«a'|ag. 

i<k<j 7</c<J' 7<fc<J' 

Since the differential contains only quadratic terms, the quadratic term of its linearization is the same 
as the original quadratic term. Only terms of the form (—contribute to m 2 . Each of 
these terms can only appear in the differential of a single generator of the form al'j. 
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By (3.1), 

If k ^ k', the term does not appear in the differential of any generator of A^{=, ^). It follows 

that then 7712 ( 0 ^,^-, a^) = 0. That is, 

m 2 : Hom+(e 2 , € 3 ) ® Hom+(ei, 62 ) Hom+(ei, € 3 ) 


is given by the formula 

This is eompatible with eomposition in MC{=, jj) onee one eheeks that the signs are eorreet, whieh 
amounts to verifying the identity 

[(/x(/c) + l)/i(j) + 1] + [(/i(*) + + 1] 

= [(/i(fc) - /i(j))(/x(z) - /i(fc)) + 1] + [(/i(i) + l)/x(j) + 1] 

modulo 2. Finally, as the differentials of all m-eopy algebras have no eubie or higher terms, all 
higher eompositions vanish. □ 


7.2.2. Crossings. 

Let the symbol denote a bordered plat eonsisting of n strands, numbered from 1 at the top to 
n at the bottom along the left, with a single erossing between strands k and k + 1. (See Figure 7.1, 
upper right.) Fix a Maslov potential /i. We write ^(^ x, /i) for the Chekanov-Eliashberg DGA of 
this tangle with Maslov potential /i. 

We will write jj ,l and jjLR for the indueed Maslov potentials along the left and right of the diagram, 
respeetively. Note that if = (fc, /c + 1) e Sn, then giR = k-L^Sk- We write the eo-restrietion maps 
from the left and right line algebras as 


ll ■ A{=, kb) *^(^21)/^) 

l'R-^{ = ,kR) 

We view this as identifying A{=, kb) and the subalgebra of ^(^x, /i) generated by elements Oij 

indexed by pairs of left endpoints of lines. The algebra ^(^x , /i) has one more generator, c, naming 
the erossing, with dc = ak,k+i- 

Lemma 7.26. The map 

[e : ^(^x, /r) ^ r] ^ [(e^ : A{=, kb) ^ r, e(c))] 

is a bijection between augmentations of A{^ k) pairs of an augmentation of A{=, kb) 
carrying Ok^k+i 0 and an element e(c) G r, where e(c) vanishes unless |c| = 0, i.e., unless 
k{k) = k{k + 1). 
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Proof. An augmentation of ^(^x,/i) is determined by its restrietion : A{=, Hl) —^ t and its 
value on c. The augmentation must annihilate c unless |c| =0. Finally, the only eondition imposed 
on the restrietion is e{ak,k+i) = e{dc) = de{c) = 0. □ 

Lemma 7.27. Consider augmentations ei,e 2 : x, fi) —)■ r. The space Hom+(ei,e 2 ) has as a 

basis afj and c'^. The differential is given explicitly by 

= + {r, s} {k,k + ^ 

i<r s<j 

= ^2(c) ■ c+ - ei(aifc) -a^k + Yl 

i<k k<j 

= c+ - 5^ei(a,fc) ■ a++ (-i)MW+Mfc+i) ^ e 2 {ak+ij) ■ a+ 

i<k k-fl<j 

mi(a++i fc+i) = -ei(c) ■ c+ - ^ ei(ai,fc+i) ■ ^ 62(0^+^) ■ ^ 

i<k-\-l k-\-l<j 

mi{c~^) = 0. 

Proof To eompute the Horn spaees, we study the 2-eopy, whose algebra we denote .4,^(^x, p). This 
has underlying algebra 

A\^x,p) = A\^,Pl){c^\A\c^\A^). 

The differential restrieted to A'^{=, pi) is just the differential there, and 

= apk+i + 

Taking e = (ei, € 2 ) ; .4,^(^x, /r) —)■ r we find the twisted differentials of the afj are as in the line 
algebra, and: 


= «S+1 + + e2(c)) - (-1)1^1 + ei{c))a]X^ j^^^ 

of whieh the linear part is 

(9e,ic^^ = dpk+i + ®fcfc'^2(c) - ei(c)a^+i 

where we have observed that e(c) = 0 unless |c| = 0. Dualizing gives the stated formulas. □ 


Proposition 7.28. The only nonzero compositions in the category Augj^{^x, p) are: 


"^2(a+,a+) = (-l)l4ll“il+ia; 

"^ 2 (c+,a+J = -c+ = m 2 (a++i;i^+i,c+). 


Proof In the algebra of the 3-eopy, the “a” generators have differentials as in the line algebra, and 
we have 


= «S+i 


+ al.'tc^^ + cbfic 


13^33 


^-kk 


kk'- 


-1) 




fc+l,fc+l 


■ 1 ) 




A:+l,fc+l- 


Sinee there are no terms higher than quadratie, the quadratie terms are not affeeted by twisting by 
the pure augmentation e = (ei, € 2 , € 3 ). Reealling that |c+| = |c| + 1 and that \a'li^\ = = 0 

gives the desired formulas. □ 
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We now study the restrietion morphisms. First, on objeets: 


Proposition 7.29. Let e : ^ t be an augmentation. Let e^, be its restrictions to the 

line algebras on the left and the right. Take A = I ^ ~ I strictly 

upper triangular n x n matrices with entries Oij and hij in position (*, j), collecting the respective 
generators of the left and right line algebras as in Section 7.2.1. Let 


and let Sk 



Ik-1 

0 

0 

0 

1 + e(c)\k + l){k\ = 

0 

0 

1 

e(c) 

0 

1 

0 

0 


0 

0 

0 



{k, k + 1) E Sn. Then 


cr^B) = Sk ■ ( 0 ^) ^ ■ eiiA) ■ ( 0 '^) • Sk. 


Proof. Denote the generators of the right line algebra A{=,Pr) by bij. The right eo-restrietion 
morphism is given by: 


Lr : A{=, Pr) 

-)■ 

|X| 

bij 

HA- 

aij 

bik 

HA 


bkj 

HA 

^/c+lj 

Ii,k+1 

HA 

^ik 

Ik+l,j 

HA 

ttkj - (-ly'^^cak+ij 

bk,k+l 

HA 

0. 


The sign eomes beeause eaeh downward eorner vertex with even grading eontributes a faetor of — 1 
to the sign of a disk, so a downward eorner at c eontributes (—We rewrite the above formula 
in matrix form as: 



Ik-1 

0 

0 

0 


Ik-1 

0 

0 

0 

B vA 

0 

0 

1 

0 

■A- 

0 

c 

1 

0 

0 

1 


0 

0 

1 

0 

0 


0 

0 

0 

^n—(k+l) 


0 

0 

0 

^n—{k-fl) 


- ak,k+i\k + l){k\. 


We now apply the augmentation and observe e{ak,k+i) = e(0c) = 0, and e(c) = (—l)l'^le(c) beeause 
e(c) = 0 unless |c| =0. □ 


Proposition 7.30. Suppose we are given an element ^ G Horn _ (e, e'). We can restrict to 

■Aug^{^^ ,/i) 

the left or right, obtaining e Hom^„g^(=,/,^)(eL, e'^) and ^r G Aom_Aug+{=,t,n){eR, Gr). We use 
a'lj to denote the generators o/Hom _ (e, e') or Hom_ 4 „g (= „^)(eL, e'^), and b^- to denote the 

■' Aug+C^,/!) ’ ■' 


generators ofAom._Aug+{=,gR){(^R, e'j?)- 

Then the left restriction is just given by ha a^; it is a map ofdg categories. 

On the other hand, the right restriction, despite being between dg categories, has nontrival A„ 


structure. (See Section 2.3.) The first order term Aom. 


Aug+{>^ ,m) 


e, e 


^ Aom.j^ug+{=,gR){eR,efi) is 




















86 


LENHARD NG, DAN RUTHERFORD, VIVEK SHENDE, STEVEN SIVEK, AND ERIC ZASLOW 


given by: 



HA 

b^k+i + 


^kk 

HA 

6+ 

^fc+l,fc+l 



HA 

6+ 

4+l,i 



HA 

6+ 

^ik 


+ 

'fc+l,fc+l 

HA 

btk 



HA 

btj - e(c) 

4+1,i 

®fc,fc+l 

HA 

0 



\i<k J Vfc+l<J 

for i < k and j > k + 1, and afj h-)■ bfj for i,j ^ {k,k + 1}. 

The second order term Horn _ (e', e") ® Horn _ (e, e') —)■ (= an){.^R) 

Aug+{>^,tJ.) Aug+{>^,tJ.) 

is defined by 

c+ ® ^ (_i)k+ll4l+l4l+i i < k 

® c+ ^ (-1)14+1, j>k + l 

with all other tensor products of generators mapped to zero. There are no higher order terms. 

Proof. The statement about restrietion to the left is obvious. 

Examining the 2-eopy of , we ean write the map p\ : A^{=, Pr) —)■ , p) as 


'^ik 

HA 

11 12 1 12 22 1 12 
4fcC +4fcC +4,fc+i 


^kk 

HA 

“fc+l,A:+l 


Okj 

HA 

“fc+1,1 


%k+l 

HA 

'^ik 


'^fc+l,A:+l 

HA 

all 


4+1,1 

HA 

alj - (-1)'"' (c“afc+i,i 

+ i,i) 

4,A:+1 

HA 

0 



for all i < /c and j > k + 1 , and b}j hA ajj when i,j ^ {/c, /c + 1}. 
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Twisting the differential by e = (e, e') and taking the linear part gives 


Oik 

HA 

e(a*fc)c^^ + a]le'{c) + 

Okk 

HA 

O'k+l^k+l 

Okj 

HA 

O'k+lJ 

Oi,k+l 

HA 

r;32 

O'ik 


HA 


Ok+l,j 

HA 

4? - (-1)''"' (e(c)afc+i7 + c^^e'(afc+ij)) 

Ok,k+l 

HA 

0 


again with i < k and j > k + 1, and b}j ha ajj otherwise. 

We now recall that (— l)l‘^le(c) = e(c) and take duals to conclude. 

The higher order term in the restriction functor comes from writing the inclusion of the three-copy 
of the line algebra into the crossing algebra, then taking linear duals. Explicitly, this inclusion is 


blf ^ ajj 


as 

^ik 

^13 


kt ^ + a]lc^^ + a]lc^^ + a]lc^^ 


^kj ^ ^k-\-lJ 




feis ■ ' 


^kk 


HA a 


bk+i,k+i ^ « 
bl%+i i-A 0. 


fc+l,A:+l 

13 


kk 


{i,j ^ {k,k + l}) 
{i < k) 

{i < k) 

{j > k + 1) 

{j > k + 1) 


Selecting the terms of the form dualizing, we conclude that the only higher parts of the 

restriction functor are the terms stated. □ 


Consider the general element .^ = 7 ■ c+ A On ■ ati ^ Horn _ (e, e'). We want to com- 

-7 J Aug+C^XylJ-) 

pare more explicitly and To do this, we move to the Morse complex category, and consider 
and Note that these come to us as matrices. Below we often adopt the convention for 

indices that i<k<k + l<j, and for convenience we define apq = (— 

Aug+{=,iJ,) we have [)(apg) = apq\q){p\. 

We have: 



0 

0 

0 

^ik^ki 

^kk^kk 

0 

0 


(^k,k^lOlk+l,k 

+1 ,/c +1 /c +1 ,/c +1 

0 


^kjC^jk 

^k-\-lJ^j^k^l 




88 


LENHARD NG, DAN RUTHERFORD, VIVEK SHENDE, STEVEN SIVEK, AND ERIC ZASLOW 


where the signs are defined using the Maslov potential /r = /tl on the left. On the other hand, by the 
above proposition we have 

+ '^ai^k+iak+i,i\k){i\ + Ofci + 1){*| + ai^k+ie'{c)\k){i\) 

i<k 

+ ^ (^kjajk\j){k + 1| + oyfc+i {ak+ij\j){k\ - akje{c)\j){k + 1|) 

A:+l<jr 

+ o'kkOikklk + + 1| + ak+i,k+iO'k+i,k+i\k) {k\ 

+ 7 I X]o-*,fc+ie(aifc)|A;)(i| - (-1)1^1 ^k/{ak+i,j)\j){k + 1 

\i<k k-\-l<j 



where the signs apq are defined again in terms of for consistency; recall that fiR = Hl ° Sk- In 
matrix form, we have 


Cri2iiOLi-^i2 

0 

0 

0 


^/c+l,/c+l*^fcH-1,^+1 

0 

0 

^ik^ki 

0 

CTkkOikk 

0 

^ ij i 

^/c +1J , fc+1 

^kjV 



where x = ak+i,i + e'{c)aki + e(aifc )7 and y = ajk - e{c)aj^k+i - (-l)l‘'le'(afc+i,j)7. So 


(7.2) 



0 

0 

0 

^ik^ki 

^kkC^kk 

0 

0 


^kk^ ij^^kk 

1,1 *^/c+1 ,/c+1 

0 


Ckkj{0ijk - (-l)l‘'le'(afc+iy)7) 


^j2jl^jlj2 


where again the Maslov potentials are for the left and not for the right. 


Theorem 7.31. We define a morphism of A^o categories 

[) : Aug+{%p) MC{^x,p) 


on objects by 

e ^ (()(eL),-e(c)) 

and on morphisms ^ G Hom(e, e') by 

where 0=1 + e(c)|/c + 1)(A;| and 0' = 1 + e'{c)\k + 1)(A;|. This morphism is a bijection on objects 
and an equivalence of categories. It commutes with restriction in the following sense: 

• At the level of objects, i) commutes with restriction: i){e)L = and ()(e)i{ = 

• At the level of morphisms, it commutes with restriction to the right: = ()(0r- 
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• At the level of morphisms, it commutes up to homotopy with restriction on the left: 

where H is the homotopy given by sending c'^ h-)■ ak,k+i\k){k + 1| and all other generators 
to zero, i.e., 

H : _ ^^(e, e') ^ 

p ^ + l){k\. 

Higher order terms are determined by noting that the functor is just the right restriction map of 
the augmentation category — which has higher terms (see Proposition 7.30) —followed by the 
isomorphism of augmentation and Morse complex line categories. 

Proof. Lemma 7.26 implies that, on objeets, the map is well defined and a bijeetion. Comparison 
of (7.2) and Lemma 7.14 reveals that {(f)')~^Sk(){iR)Sk(l> is in faet a morphism in p). The 

map was built from the A-infinity e i— )■ by eomposing with isomorphisms, so is an A-infinity 
morphism. Comparison of Lemma 7.27 with Proposition 7.30 shows that the kernel of the map 
exaetly the two-dimensional spaee spanned by and rni{al\ the same is true for 

^ HA {<p')~^Sk(){iR)sk4>- Counting dimensions, this is surjeetive to horns in MC(^x,/i). Thus we 
have a map surjeetive on the ehain level whieh kills an aeyelie pieee; it is thus an equivalenee. 

We next eheek that f) eommutes with restrietion on the right. At the level of objeets, by Proposi¬ 
tion 7.29, we have cr = Sk{4>^)~^eL{A)(f)^Sk, whenee by Theorem 7.25, 

On the other hand, sinee [)(e) = ((—l)^^e(A)^, — e(c)), we eompute from Definition 7.16 that 

where 9^ is the identity matrix exeept for the 2x2 bloek determined by rows k,k + 1 and eolumns 
k, k+l, whieh is [“i^ q]. Matrix ealeulations show that Skf = 6*-e(c) and {—l)^^9_pc) = ^-e(c)(—1)'^^ 
(for the latter, note that piik) = pR{k + 1 ) and piik -f 1 ) = pR{k) must be equal if e(c) 7^ 0 ), 
and so = ()(e)R. At the level of morphisms, f) eommutes with right restrietion essentially by 
definition: 


^Sk\){iR)skf)R = 6'_£'(c)(0') ^SkftiiRjskfO= l)(^rj). 


For restrietion on the left, note that f)(ei) = f)(e)L by definition. It remains to show that f) 
eommutes up to homotopy with left restrietion on morphisms. From (7.2), we find that 


[l(a)-f)(0L = 


0 

0 

0 

0 ■ 

0 

0 

0 

0 


(c)0(/c,fc 

0 

0 

0 

crfcj(-l)l‘'le'(afc+iy)7 

0 

0 
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On the other hand we calculate 

dH{^) = ak,k+i'y ■ d\k + l){k\ 

fe ^{(iik)\k + 1){i\ + e'{ak+ij)\j){k\ 

\i<k 

= ^{-(Ti^k+ie{aikh)\k+ l){i\ + ^ akj{-l)^''^e {ak+i,jh\j){k\ 
i<k j>k-\-l 


0 

0 

0 

0 ■ 

0 

0 

0 

0 


0 

0 

0 

0 

akj{-lY''e' {ak+ig)! 

0 

0 


where we use the fact that e{aik) = 0 unless /r(i) — fj,{k) = 1 and d{ak+ij) = 0 unless fi{k + 1) — 
/i(j) = 1; and 

CoefFc+'nri(.^) = ak+i,k — OA:+i,A:+ie(c) + akk^'{c). 

We note that if e(c) ^ 0 or e'(c) ^ 0 then /r(/c) = /i(/c + 1), so ak,k+i^{c) = ak+i,k+i^{c) and 
(7k,k+id{c) = akkd{c); thus multiplying this last equation by ak,k+i\k + l)(/c| yields 

(^(Jk^k+l(^k+l,k ^fc+l,A:+l*Tfc+l,fc+l*^(C') (^kk^kk^ (*^)) 1^ 

Thus we conclude that f)(.CT) ~ □ 


7.2.3. Right cusps. 

We now consider a bordered plat which is the front projection of a set of n right cusps. Near 
the left, it is 2n horizontal lines, which we number 1, 2,..., 2n from top to bottom, and each pair 
2A; — 1,2/c is connected by a right cusp; we place a base point *k at this cusp and let (7^ = 1 if the 
plat is oriented downward at this cusp ox ak = —1 if it is oriented upward. We fix a Maslov potential 
/i, which is determined by its restriction to the left pi : 2n} —)■ Z. The right cusps enforce 

that pLi‘2k) + 1 = pL{2.k — 1). 

The left co-restriction 

ll ; A{=, pl) A{>-,p) 

identifies A{=, pi) with a subalgebra of A{>-,p) with (^ 2 ”) generators aij. The algebra A{y,p) 
has n additional generators xi,... ,Xn naming the cusps, as well as generators ti,fj"V • • >fn, 
corresponding to the base points. That is, the generator Xk corresponds to the right cusp connecting 
points 2A; — 1 and 2k, and has grading \xk\ = ^ and satisfies dxk = -T a 2 k-i, 2 k- This ensures that 
if e is an augmentation of A{y, p), then e{xk) = 0 and e{a 2 k-i, 2 k) = —^{tkY*‘ for all k; since tk is 
invertible, so is e{a 2 k-i, 2 k)- 

Proposition 7.32. The restriction pi : Aug+{>-, p) —)■ AugY=) Tl) is strictly fully faithful and an 
injection on objects. Its image consists of all e : AugY=) Tl) t such that e{a 2 k-i, 2 k) ^ for 
1 < k < n. 
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Proof. Injectivity on objects follows from the fact that e{xk) = 0; the characterization of the image 
follows from the discussion immediately above the proposition. 

Full faithfulness of the restriction follows from the fact that the m-copy of this plat contains no 
“+” Reeb chords whatsoever, so the restriction on Horn spaces is an isomorphism. □ 

Corollary 7.33. The isomorphism f) : Aug+{=^ pi) MC{=, pi) identifies Aug^{y~, p) with 

Proof. Compare the definition of MC(>-, /i) to the above proposition. □ 

We define f) : Aug+{)^, p) — )■ MC{y, p) to be this restriction. 

Corollary 7.34. All objects in Augj^{y~, p) are isomorphic. 

Proof. We saw this for the Morse complex category in Proposition 7.20. □ 


7.2.4. Left cusps. 

Let denote the front projection of a set of n left cusps. Near the right, it is 2n horizontal 
lines, which we number 1, 2,..., 2n from top to bottom, and each pair 2k — 1, 2k is connected 
by a left cusp. We fix a Maslov potential p, which is determined by its restriction to the right 
/iij : {1,..., 2n} —)■ Z. The left cusps enforce that pR{2k) + 1 = pR{2k — 1). 

The algebra A{-<,p) is simply the ground ring r; and hence there is a unique augmentation 

e : p) = T ^ T. 

The right co-restriction lr : A{=, pr) —>■ A{-<,p) is given by the formula 

Jl {i,j) = {2k-f2k) 

dij I—\ 

I 0 otherwise. 

The restriction cr of the augmentation e is given by the same formula. 

To determine the A^o structure 

Trip : Hom+(e, e) ® ® Hom+(e, e) —)■ Hom+(e, e) 

on Aug+{-<, p), we consider the (p+ l)-copy of Tr. Here the fc-th left cusp (i.e. the one connecting 
points 2k — 1 and 2A; on the line R) gives rise to (^ 2 ^) generators y]j, each corresponding to a 
crossing of the i-th copy over the j-th copy for i < j. 

Proposition 7.35. The chain complex Hom_<(e, e) is freely generated by the degree zero elements 
vt 1 ■ ■ ■ ,2/n’ has vanishing differential. The only nonvanishing composition is 7712 ( 1 /^, |/^) = 

-Vk- 

Proof. In the case p = 1 above, corresponding to the 2-copy of it is clear that dy]f = 0 for all fc; 
it follows that the dualized linearized differential also vanishes. We have |2/^| = \y^\ -f 1 = 0. 

For the composition nip, we study the differential on p), which is 

dyi = yhk^ 

i<l<j 

the dualization of which gives the stated product (note the sign from (3.1)) and no more. □ 
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Proposition 7.36. The restriction map is 


Proof. The co-restriction map on the two-copies is 

, . /|2/_ N 


,12 


,12 


7^2 


Hom=(eL,eL) 



-)■ 


HA 

yf 

HA 

yf 

HA 

0. 


+ 


;,2fc- 


Dualizing gives the stated restriction map. 


□ 


7.2.5. The augmentation category is a sheaf. 


Theorem 7.37. Let A be a front diagram with base points at all right cusps. Then the presheaf of 
categories Aug+{A) is a sheaf. 

Proof. Given Corollary 6.4, it remains to check that sections have sufficiently many objects, which 
can be checked using the condition of Lemma 7.4. On objects, the local morphisms to the Morse 
complex category were literally isomorphisms, and we verified Lemma 7.4 for the Morse complex 
category. □ 


7.3. Local calculations in the sheaf category. 

In this section, it is essential for the arguments we give that r = Ik is a field; this is because we 
borrow from the theory of quiver representations.^ 


7.3.1. Lines. 

Let / = (0,1) be the unit open interval and define [] := / x M. Let =„ be the Legendrian 
associated to the front diagram consisting of n horizontal lines — see Figure 7.1 (upper left). 

Recall that *S'h=^([]) denotes the category of sheaves on [] = J x M with singular support meet¬ 
ing infinity in a subset of =„. Objects of Sh=^ can be constructed from representations (in chain 
complexes) of the An+i quiver, with nodes indexed and arrows oriented as follows: 

n n — 1 0 

• -> • 

To a representation R of this quiver, i.e., a collection of chain complexes Ri and morphisms 

Rn Rn-l 

^This is not to say that we believe Theorem 7.1 requires this assumption. 




AUGMENTATIONS ARE SHEAVES 


93 


we write Sh=^{R) for the sheaf whieh has Rq as its stalk in the upper region, Ri as its stalk along 
the i’th line and in the region below it; downward generization maps identities, and upward gener- 
ization maps given by the quiver representation. In faet this eonstruetion is an equivalenee from the 
derived eategory of representations of the An+i quiver to 5'/i=„([]). (See [STZ14, See. 3]; essential 
surjectivity is a special case of [STZ14, Prop. 3.22].) 

Here we will prefer An+i representations of a certain canonical form. We recall that quiver 
representations admit two-term projective resolutions. Explicitly, the irreducible projectives of the 
An+i quiver are: 


Pi : — 0 —y ■ ■ ■ — y 0 — y Ik — y Ik — y ■ ■ ■ —y Ik — y Ik, 

i.e. a copy of Ik at all nodes k > i. We have Hom(Pj, Pj) = 0 for i < j and Ik otherwise, and 

Ext^i(P„P,) = 0. 

On the other hand, the indecomposables of Rep{An) are [Gab72]: 

Sij '.= Pj/Pj-|_i = 0 —y... —y 0 —y Ik —y Ik —y... —y Ik —y Ik —y 0 —y ... —y 0, 

i.e., a copy of Ik at all nodes k with i < k < j and all maps identities — and zero elsewhere. These 

are of course quasi-isomorphic to 



/o ^ 

■ -)■ 

0 

-)■ 

0 ^ 

• -)■ 

0 

-)■ 

k ^ 

■ -)■ 

k\ 


= U 











\ p^ ^ 

' \ 0 ^ 

• -)■ 

0 

-)■ 


• -)■ 

k 


k ^ 

• -)■ 

k / 


i. e. zero for nodes fc < i, Ik for nodes i < k < j and the acyclic complex [Ik —Ik] for k > j. 

Since Rep{An+i) has cohomological dimension one, objects in its derived category split, hence 
any representation in chain complexes is quasi-isomorphic to one of the form 0 Sij [s], hence quasi¬ 
isomorphic to one of the form 0 S'kfsj. (This latter object is just the minimal projective resolution 
of the original object.) We summarize properties of these as follows: 

Lemma 7.38. Over afield, every representation R in chain complexes of the An+i quiver is quasi¬ 
isomorphic to a representation 

P'_^^ —)■ P' Pq 

such that: 

• The (vector space) quiver representation R' in each cohomological degree is projective. 

• The maps P'_,_]^ —P' are injections on the graded vector spaces underlying the complexes. 

• The differential on P'/P'^^ is zero. 

Above we employ the convention R'^+i = 0. Note in particular that there is an isomorphism of 
underlying graded vector spaces 

R', 0 0 ^R',)). 

i>j i>j 

Proof. The above construction shows every object is quasi-isomorphic to some 0 Sk [s] where i > 

j. The result follows from its validity for each Sk, which holds by inspection. □ 

We now relate this to the category MC{=; p). 


94 


LENHARD NG, DAN RUTHERFORD, VIVEK SHENDE, STEVEN SIVEK, AND ERIC ZASLOW 


Corollary 7.39. There is a morphism MC{=n] p) Repch{,An+i), given on objects by sending the 
object (//i; d) to the An quiver representation which has the dg vector space *//i at the node i. The 
maps are just inclusion of filtration steps. Homs of the quiver representations are literally equal to 
horns of the Morse complexes. 

This map is fully faithful, and surjective onto the objects of Repch{An+i, Ik) which (1) satisfy the 
conditions of Lemma 7.38 and (2) satisfy Ri-i/Ri = ]k[—/i(i)]. It is essentially surjective onto the 
portion of Repch{An+i, Ik) in which Cone(i?i —)■ Ri-\) = Ik[—/i(i)]. 


Proof. Essential surjectivity follows from Lemma 7.38. 


□ 


We write Ci(=„; p) C Sh=^ for the full subcategory whose objects have microlocal monodromy 
dictated by the Maslov potential p — see Section 2.4.5, or recall briefly in this case that microlocal 
rank one means that the cone of the upward generization map from the i-th line has rank one in 
degree —p{i). 


Corollary 7.40. The functor r : MC{p) —Ci(=; p) given by composing the functor of Corollary 
7.39 with the equivalence o/[STZ14, Prop. 3.22] is an equivalence. 


7.3.2. Crossings. 

Fix n > 2 and let be a bordered plat consisting of n strands with a single crossing between 
strands k and fc + 1 in the infinite vertical strip [] = / x M. Fix a Maslov potential p. We write 
Ci(^x,/r) C S'/! _([]) for the category of microlocal rank 1 sheaves with vanishing stalks for 2 ; <C 0. 

By restriction to the first and second halves of the interval /, a sheaf F G x, /i) restricts to 
a pair of objects and Fr of the corresponding n-line sheaf categories, each microlocal rank one 
with respect to the induced Maslov potentials pl and pr. These are related hy pr = p^o Sk, where 
Sk is the transposition of strands k and k + 1. 

It is possible to build a sheaf in 5/1 _ ([]) out of the following data: 

*x 
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Definition 7.41. A triple on n strands is a diagram L ^ M —)■ i? of representations of A„+i in 
ehain eomplexes as below: 


Lk-2 Mk-2 Rk-2 


Lk-i - Mk-1 - Rk-1 

Lk - Mk -^ Rk 

Lk+i = Mk+i = Rk+i 

Lk+2 = Mk+2 = Rk+2 


such that Tot = [Mk+i Lk ® Rk ^ Mk-i] is acyclic. 

A triple determines an element of S'/! _ ([]). To build the corresponding sheaf, the stalk along 

the Tth line and in the region below is Li on the left, Mi in the middle, and Ri on the right; for i k 
these are all just equal. The downward generization map is the identity, and the upward generization 
map is the one pictured. Finally, Mk is the stalk at the crossing and in the region below. We will 
write Sh — {L M R) for the corresponding sheaf. As a special case of of [STZ14, Prop. 

'2< 

3.22], every object of Sh _([]) is quasi-isomorphic to some Sh _{L M R). We sharpen this 

*x *x 

result as follows: 


Lemma 7.42. Every object ofSh _ ([]) is quasi-isomorphic to some Sh — {L M ^ R), in which 


L, M, R satisjy the conclusion of Lemma 7.38. 


Proof. Begin with an object R G S'/! _([]); pass to the quasi-isomorphic Sh{L ^ M ^ R) 

provided by [STZ14, Prop. 3.22]. We may replace with quasi-isomorphic choices L',MjR' by 
Lemma 7.38; then there exist corresponding maps in the derived category L' M' — Lf. Since 
L\ M\ R' are projective resolutions, the maps V ^ M' —)■ R' can be chosen to be maps of chain 
complexes. 

It remains to show that the maps L' M/ —)■ R[ are (not just quasi-)isomorphisms for i k. 
For z 7 ^ fc, A; — 1, we have the following maps of exact sequences of complexes: 
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0 0 0 


- Ml - 


LI 


i+l 


MU, 


R' 


■i+l 


0 0 0 

All horizontal maps are quasi-isomorphisms because this was true for the original L, M, R, but 
now by construction the M^/MU,, R^/R^, are isomorphic to their cohomologies, hence 

the maps in the top row are isomorphisms. Thus if the arrows L^i M^, —)■ R^, are isomor¬ 
phisms, so are the L' M^ —)■ i?'. 

We also have 




l; 


k-l 


MUi 


R[ 


k-l 


L[ 


k+l 


MUi 


R[ 


k+l 


0 0 0 

All horizontal maps are quasi-isomorphisms because the same was true for L, M, R. By construc¬ 
tion, Ml_i/MUi = Ml_i/Ml is isomorphic to its cohomology. The only way that LUi/L'^j^, or 
R!k-i/R'k+i could fail to have the same property is if they contained a summand which were equal 
to a shift of the object [Pk+i Pk-i]- However the sheaf corresponding to this summand - namely 
the constant sheaf stretching between the A;-th and [k + l)-st strands - violates the singular support 
condition at the crossing, so it cannot appear. We conclude that LUi/Rk+i ^^d RUi/Rk+i 
isomorphic to their cohomologies, hence that the maps in the top row are isomorphisms. Thus, if 
the maps L^i ^ M^i —^ R'k+i isomorphisms, then so too are L^i ^ M^i —^ R'k-v 

By induction, we conclude that L'- —)■ R[ are isomorphisms for all i U k. □ 

We now relate this to the category MC^ x,/i). An element of this category is a differential 
d pl Pl and an element z G h, from which we built an identification 9z ■ Pl ^ Pr such that 
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9^0 do { 9 z)~^ G MC{=, fiR). We build a L ^ M —i? triple by setting Lk = and Rk = ^Pr, 
the Horn spaees in jj) ean be evidently interpreted as maps between these diagrams of 

quiver representations. As in Corollary 7.40, we ean define a funetor r : MC(^x, /i) —)■ Ci 
by eomposing this with the equivalenee of [STZ14, Prop. 3.22]. 

Proposition 7.43. The functor x : —)■ Ci(^ X, /i) is an equivalence which commutes with 

the restriction maps. 

Proof. Essential surjeetivity follows from Lemma 7.42. The equivalenee eommutes with restrietions 
by eonstruetion. □ 

7.3.3. Cusps. 

Let ‘V” be the right-eusp diagram, earrying a Maslov potential p. 

Proposition 7.44. The composition r= o : MC{>-,p) MC{=,pl) Ci(=,pl) is fully 
faithful. The map : Ci(>-,/r) —)■ Ci(=,/r) is injective on objects, fully faithful, and contains the 
image ofx= o p^. The functor 

W := 0 1^=0 Pl^ ■ MC{y~, p) Clip-, p) 

is an equivalence commuting with restrictions. 

Proof. The maps x=, pi are eaeh fully faithful, henee so is their eomposition. 

Lor the seeond statement, eonsider the stratifieation of Ligure 7.1 (lower right); it is regular relative 
to the boundary. It follows that any objeet ean be deseribed as in [STZ14, Prop. 3.22] by a eomplex 
in eaeh region, and morphisms going upward. Eaeh region meets the boundary, so this is determined 
by the restrietion there and a ealeulation shows that this restrietion determines an isomorphism on 
Homs. That is, the restrietion pi : Ci{)^,p) —)■ Ci{=, p) is injeetive on objeets and fully faithful. 
Its image is eharaeterized by the requirement that the upward maps through the dotted lines be 
quasi-isomorphisms. 

The image of x= o p^^ satisfies the quasi-isomorphism eondition, just by the definition of MC(>- 
, p) and the eonstruetion of x=. The stated essential surjeetivity of x^ follows sinee x= was essentially 
surjeetive, and the image of pf^^ was those objeets satisfying the same quasi-isomorphism eondition. 
The map eommutes with restrietion by eonstruetion. □ 

The analogous statement holds for left eusps. 

7.4. Augmentations are sheaves. 

By eomputing the augmentation eategory loeally, we have verified that, so long as the right eusps 
are all equipped with base points, the eondition of Lemma 7.4 is satisfied, henee the augmentation 
eategory is in faet a sheaf. A morphism of sheaves ean be given by giving morphisms on all suffi- 
eiently small open sets, eompatibly with restrietion; we thusly defined morphisms f) : Aug+ MC 
and r : MG' —)■ Cl, and showed eaeh was an equivalenee. Composing funetors and taking global 
seetions gives an equivalenee i?r(rf)) : Aug+ = Ci. This eompletes the proof of Theorem 7.1. 
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8. Some exact sequences 

This paper has established a host of relations among eategories of sheaves, Lagrangians and aug¬ 
mentations. Here we briefly diseuss the Fukaya-theoretie viewpoint and gather the relationships in 
the unifying Theorem 8.4 below. 

Let X be a eompaet real analytie manifold. Equip T*X with its eanonieal exaet strueture u = 
—dO. Reeall the infinitesimally wrapped Fukaya eategory Fuk^{T*X) from [NZ09]. Its objeets 
are exaet Lagrangian submanifolds equipped with loeal systems, brane struetures, and perturbation 
data. Morphisms of Fuk^(T*X), ineluding higher morphisms, involving objeets Li,..., are 
constructed by perturbing the Lagrangians, using a contractible fringed set Rd C M>o organize 
the perturbations. A fringed set Rd of dimension d is a subset of M^q satisfying conditions defined 
inductively: if d = 1, = (0,r); if d > 1, then the projection of Rd to the first d — 1 coordi¬ 
nates is a fringed set, and (ri,..., r^) G Rd ^ (ri,..., r^) G Rd for all 0 < < r^. Loosely, 

to compute RomFukA^i^ ^ 2 ) we must perturb L 2 more than Li, to compute compositions from 
B.omFuk,{Ld-i, Ld) ® YiomFukXLd- 2 , Ld-i) ® • • • 0 B.omFukXLi, L 2 ) and others, we perturb by 

( 8 . 1 ) ed> ed-i> ■■■ > ei> 0. 

The d-tuple of successive differences 6 = (ci, C 2 — Ci, • • •, Crf ~ £d-i) lies in the fringed set, Rd.^ 
The purpose of introducing this set Rd is two-fold: first, the perturbations bring intersections from 
infinity to finite space, so that the moduli spaces defining compositions are compact; second, by 
perturbing in the Reeb direction at infinity, morphisms compose as required for the isomorphism 
with the category of constructible sheaves. So for the purposes of simply defining a category, we can 
ignore the second of these purposes. This leaves us with another choice of contractible set organizing 
the compositions. We simply reverse all the inequalities in (8.1) and negate the definition of d — it 
will then lie in a fringed set. We call the category defined in this way the negatively wrapped Fukaya 
category, Fuk-e{T*X). 

Let us be a bit more specific and compare the two possibilities. Recall from [NZ09] that we call 
a function H : T*X —M a controlled Hamiltonian if H{x,^) = |^| outside a compact set; now let 
denote Hamiltonian flow by H for time t. To compute the horn complex YfomFukX^i L'), first 
choose controlled Hamiltonians id, H' and a fringed set R 2 such that for all 5 = (e, e' — e) G R 2 
we have ^pH,e{L) n is transverse and contained in a compact subset of T*X. Now put L+ = 
^PH,e{L), L'^ = (wc supprcss the dependence on e^e'. Then Yfom.FukXLiL') is defined 

by computing the Fukaya-Floer complex of the pair (L+, L'^), counting holomorphic strips in the 
usual way. Alternatively, to study Homi7’.ufc_^ (L, V) we choose controlled Hamiltonians (id, id') and 
a fringed set R 2 and require that for all 5 = (e, s' — e) in d? 2 , (fn-siL) H is transverse and 

contained in a compact subset of T*X. Then put L_ = LfH-eiL), L'_ = Lpu'-eX^') define 
Homir„fc_^(L, L') by the usual count of holomorphic strips. Higher-order compositions in f/F_ are 
defined exactly analogously to those in Fuk^. 

Remark 8.1. Fuk_^ is not simply the opposite category of Fuk^, as no change has been made 
regarding the intersections between Lagrangians which appear in compact space. In particular, 
reversing the order of the Lagrangians would have changed the degrees of those intersections. 
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In fact the condition > 0 is not necessary. Only the relative positions of the perturbations is essential. 
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When X is not compact, we require that Lagrangian branes have compact image in X or are the 
zero section outside a compact set. With this set-up, the following lemma is then true by definition. 
Let L, L+, L_ be as above. 

Lemma 8.2. We have 

B.om.FukXL,L+) = YioTWFukXL, L) = YioraFukXL-.L). 

Note the symplectomorphism (pH,e gives an identification Homj7’„fc^(L_, L) = Homi7’„fc^(L, L+). 
Further, each of these spaces contains an element isomorphic to the identity of the middle term, and 
we denote them respectively by i(i+, id, id_. 


Lemma 8.3. Let M be a real analytic manifold and let t be a commutative ring; let X = M x 
let F G Shc{X]T) correspond to L above under the microlocalization equivalence [Nad09, NZ09], 
and let Ff,F- correspond to L+,L_. Then the following quasi-isomorphisms also hold due to 
microlocalization: 

Eomsh{F,F+) = }iomsh{F,F) = }lomsh{F-, F). 

Let A G (Ma;) C (Ma; x M^) be a Legendrian knot (or link) with front diagram basepointed 
at all right cusps and with Maslov potential p. First recall that from [STZ14] and Theorem 7.1 of 
the present paper we have the following triangle of equivalences: 

Fuks{T*]Sf, A, /i; r) ^- Aug+{A, p; r) 

Ci(A,/i;r) 




The arrow across the top is defined to be the composition, and as usual Ci (A, p; r) C Sh(Mf, A, p; r) 
denotes the full subcategory of microlocal rank-one objects, as determined by p. 

Now let A c J^(M) C be a Legendrian knot and let p he a Maslov potential. Let 

e G Aug+{A, p;t) be an augmentation. Let F G Ci(A,/i;r) correspond to e under Theorem 7.1 
and let L G Fuk^{T*Mf,A; r) be a geometric Lagrangian object corresponding to F. (Not all such 
L will be geometric.) Write C = pmonF for the microlocal monodromy local system, defined 
from the Maslov potential p (though note End{C) loc{A) is canonical). Let us denote for the moment 
(A, B)c := Homc(A, B). Then we have the following. 

Theorem 8.4. 


o id— 

[L, L-jFuk^ -^ (A, LjFuke 


(F,F_)sh^^iF,F)sh 


(e, e)> 


ug- 


~-i FjAug+ 


Cone(o idJ) 

Cone(oid_) ^ (£,£)loc(a) 
V) = 

■ Cone(can) / 
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Here fi is short for the microlocalization theorem, which is a triangulated equivalence, ensuring 
the isomorphism of cones. Further, f is the isomorphism Augj^{K, —)■ Ci(A,/i;r) proved 

in Theorem 7.1, and p in the bottom row of vertical arrows indicates the isomorphism proved in 
Proposition 5.7. The map “can” is the inclusion of DGAs and the map is inclusion of com¬ 
pactly supported forms. Taking cohomology relates the rows to the long exact sequence H*{L) —)■ 
H*{L) -y H*{A) 

Proof. The top line of vertieal arrows is mieroloealization [NZ09, Nad09]. The middle line is The¬ 
orem 7.1. The bottom line is proven in Proposition 5.7. □ 

Remark 8.5. We eomment on a potentially eonfusing point. In the speeial ease where A is a single- 
eomponent knot and r is a field, a result of Leverson [Lev] states that any augmentation e of .4,(A) 
must satisfy e{t) = —1. On the other hand, if the augmentation arises from a filling, the mieroloeal 
monodromy of the eorresponding sheaf is neeessarily trivial, sinee the mieroloeal monodromy is the 
restrietion of the rank one loeal system on the filling to the boundary and this boundary eirele is a 
eommutator in the fundamental group of the filling surfaee. In faet what is going on is that both the 
definition of the C-E DGA and the eonstruetion of mieroloeal monodromy seeretly depend on the 
ehoiee of a spin strueture on the Legendrian, and different ehoiees were made. 
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